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Abstract
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Chapter 1 Introduction

Portions of this Chaptdravebe n t aken f r om [2] hnel appeaerkima 6 s ar t i
slightly revised form.
This research concerns the development of a bridge between the optical design
c o0 mmu nuiilizagiod ef the H. H. Hopkingxpansion othe monochromatiwavefrant
aberration functomnd t he optical testing communityodos
of the wavefront aberration functionAlthough the field dependence of thevefront
aberations has been noted and utilized in the optical design comnfanitgany years
(hence the development of the Fringe Zernike ordering of the Zernike polynontiadls)
lesswell known or utilizedn theoptical testing communityEquations are develedin
this work that explicitly provide the field dependence of the Zernike polynomial
expansion of the wavefront aberration function as well as equations for expressing the
Zernike expansion coefficiemin terms of the H. H. Hopkirexpansion coefficiest
For aberration theorists working in optical design, a common starting point for
evaluation of aberrations is a form of the wavefront aberration function expansion written
out by H. H. Hopking3] in the 1950s.R. V. Shack later wrote the wavefront aberration
function expansion in terms ofdmensional (2D) pupil and field vectof4]. This led
Shack to develop a vectomultiplicationthat has become known in the opticsratere as
Shack 6 snultiplecationand Shack&s (SvVB St dhisveptor prdduct t
is similar to the multiplication of complex numb¢6}. It hasalsobeen defined in terms

of the Cartesian compones of the two vectors involvedSVP of the two vectors has
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then been defined by converting the vectors into complex numbers, performing the
complex number multiplication, and then converting the result baocka 2D vector.
Using geometric algebra (GAJ, 8, 9, 10] as the 2D vector algebra eliminates aeed
to convert 2D vectors into complex numbewrsd vie versa This is because, dke
research to be described in Chapter 2 has demonst&uBds a fundamental construct
of 2D GA.

Zernike polynomiald11, 12, 13] have been adopted by both the optical testing
and the optical design communities and the supporting fields of optical engineering and
optical alignment following the introductioof commercial lasebased interferometers.
They are orthogonal and complete over a unit radius circular pupil and they present the
balance between multiple orders bktaberrations of H. H. Hopkirnia the context of
minimizing the RMS wavefront error f@ptical design. Zernike polynomials provide an
excellent metric basis for describing and understanding errors in the chapeptical
surface. In the initial application of Zernike polynomials to the testing of individual
optical surfaces there was motivation to consider field dependence, only aperture
dependence was being sougk¥ith the research described here, the field dependence is
made explicit and may then fincbeful application in the testing community.

Researchs have used Zernike [ymomial fits to the wavefront cmputed at a
sparse set of fieldf-view points in an attempt to characterize the performance of
misaligned optical systems. Specifically, McLed]] used Zernike polynomials to
descrbe characteristics of" order astigmatism within the field of view resulting from

misalignment between the primary and secondary mirrors of a RitCheétien
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telescope. Rakic[il5] describes the field dependencetlod aberrations using the Burch
plate diagram methoflL6] for simplifying thefourth-order analysis of optical systems
and uses Zernike polynomials to resolve individual plate contributions to the system
aberration in the coefficients for coma and astigmatism in Zernike terms that arise from
misalignments. Noethe and Guisdfd] present measurements of the astigmatic field
for the European Southern Observatory (ESO) Very Largdescoe (VLT), using
measurements of the coefficients of their Zernike polynomial astigmatic components Z4
and Z5 (Fringe ordering Z5 and Z6). Matsuyama and Ujikd have developed
Afuncti ons t htad¢achather and expréssed byraasimple combination of
Zerni ke function(s) of pupi l coordinates an
Kim, et al.[19] used Zernike coefficients to develop a merit function fdelascope
alignment scheme. Lee, et f20] used Zernike polynomials as an orthogonal basis for
decomposing alignment influence functions. Schechter and Lev{24prstudied the
fourth- and sixth-order aberration patterns that arise when small misalignments are
present in a rotationally symmetric telescope system.

In Chapter 3 of this work the realumber form (as opposed to the complex
number form) of the Zernike polynomials defined and it is shown how thean be
written in terms oSVP. It is then shown how to define Zernike vectors that will be used
to express thavavefront aberration fundn expansiopa new result of this researcin
Appendix (Appendix 1) to this Chapter is provided giving tlietails for the discrete
orthogonality relation of the reaumberZernike polynomials. The relations developed

are used in a Gaussian Quadrat{GQ) procedure (together with optical path length
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difference data obtained by real ray tracing for an optical model under consideration) to
calculate the wavefront aberration function expansion coefficierkgr additional
Appendix (Appendix IV) reportoon a discovery of this research that the Zernike
polynomials can be written assum of decenteretbtationally symmetricerms

Chapter 4develops and presents the core results of this research. The H. H.
Hopkins formulation of the wavefront aberran function used by aberration theorists
working in the field of optical design is written terms ofSVP formulated in the context
of GA. In this form, the field dependence and the pupil dependemtdeseparated,
and the vector nature of the fielégendence is made explicit. istshown that a subset
of the Zernike vectorsntroduced in Chapter 8an also be written in terms 8VP. This
subset of Zernike vectors is exactly the collection of Zernike vectors needed for
expressing the wavefront ab&tion function of rotationally symmetric optical imaging
systems in terms of Zernike vectorsNew equations for the wavefront aberration
function expansion having the field and pupil parameters separated, referenced to the
Sagittal and the Medial focaldaces are presented A double Zernike expansion (in
field and in pupil paraeters) is also developed. Equations for obtaining the H. H.
Hopkinsd expansion coefficients from the di
determined

Chapter 5 providea brief review onodal aberration theory (NAT) [3]NAT is
used to investigate the field dependence of the wavefront aberration function expansion
of rotationally symmetric optical imaging systems that have one or more of its surfaces

perturbed (decentedandbr tilted).
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Chapter 6 presentmlidation of the mathematical development developed in the
preceding Chapters using and 3mirror telescopemodels This Chapterprovides
examples of utilizing the developed field dependent equations for rotatiprsymmetric
optical imaging systems that have at least one surface that is decentered or tilted.
Quantitative and qualitative comparisons between fiblel dependentdisplay plots
generated by real ray trace data anddingble Zernike expansion, arfietsingle Zernike
expansion using NA®@répsesestedgma of fset vectors

Chapter 7 proposes a new method for utilizing NAT to obtain the field
contributions due to freeform optical elements defineingxy polynomials and Zernike
polynomials. Examgdes of utilizing the new approaeie also provided

Finally, Chapter 8 provides conclusionsand comments on future research

directions



Chapter2S h a ¢ k 6 s Prodect($Ve)in the Context of Geometric

Algebra

In this work, geometric algebraGA) is used primarily as an alternative to usihg

complex number algebréor 2D vector calculations GA is analgebraic system that

includes many other algebraic systems that are traditionally considered sepaveately

as vectors, complex numbers, quaiens, differential forms, Dirac and Pauli spinors,
tensors, etc. GA algmrovides real geometric interpretations of its elements (as opposed

t o fAi magi nar Additionally, G edoes g0t suffer from the deficiencies
inherent in the traditional wéor algebra. For examplie, the traditional vector algebra of

Gibbs and Heavisidaghe vector cross product is only valid an3-dimensional vector

space, it makes no notational distinction between vectors paeddevectors (for
exampletorque, angulamomentum and the magnetic field psewmde ct or s ) , and Ao
not include a consistentwayo r epr es e nt [28.eTydically, inthe teadr i ons 0
algebra approach to vector rotations, the vector would firsobgerted into a complex

number representation, then multiplied by a phasor, then converted back into a vector.
The matrix formulation of vector rotations again requires objects and an algebra beyond

the vector algebra (the matrix algebra) to accomplesttor rotations. This is what the

authors mean when they say that the vector algebra does not have a consistent way to
represent vector rotations: An additional algebra (the complex number algebra, or matrix

algebra) is required. GA provides a single edlg@ which overcomesall these
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deficiencies. Finally, since GA isbeing used inmany disciplines, from computer

graphicsto theoretical physics, has the potential to provide a common mathematical
system that wilkid cross disciplinary studies.

The goak of this (hapter areto provide a brief introduction to GAt the level
necessary to understand this woskow howS h a ¢ k 6 sprodue (8\{Ppof two 2D
vectors which is central to this worlcan be expressed using the GA vector prodamts
to illustrae how calculations involvin@VP can be performedIt doesnot assume that
the reader has been previously exposed to (BAhe next Gapter,it is shownhow SVP
in the GA formcan be usetb define a special set of Zernikelynomialvectors. Tis
set of Zernike vectors is exactly the collection of Zernike vectors needed for expressing
the expansion of themonochromaticwavefront aberration functiorior rotationally
symmetric optical imaging systems in terms of Zernike vector$his will be

demastrated in a l&r Chapter

2.1 Historical Background

The concept of a vector is nhow so important and basic to the sciences that it is hard to
imagine that there was a time in which vectors, vector algebra atar walculus were

not known. Vectors had to & invented. This is also true of complex nhumbers, complex

number algebra, and complex analysis. A fascinating account of the history and
development of vectos can be f oun28. in 2545 GevolamadCardadnm o k

A éacknowledged the existence of what are now called imaginary nuinbersn hi s b ook
Ars Magna[24]. However, it was not untihie work of Cauchy (earlytomiti8 006 s) t hat

complex numbers are déined as a pair of real numbdi@5]. Hamilton, attempting to
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extendthe complex number algebra to two and then to three dimensions, discovered and

developed his quaternions in 18433, 26]. Although well known, but not universally
adopted at the time, quaterngohave seen a recent increase in interest largelyodilne
fact that it is easier and more efficient to program rotatior8D Euclidean spacabout
an arbitrary axis using quaternions thasing the Euler angle formalisf@7]. Maxwell
used Hami | t on amsl compoaentsjm wiitimgn cut his equations of
Electrodynamics. It wapr i nci pally Gibbs and Heaviside
equations intotte vector form that we knot@day. Maxwell never wrote his equations in
modern vector form. Vectors were being developed at that time as a reduction of
Hamiltoods quaternions.

While this development of quaternions and vecteas underway, Hermann
Grassmann developed and published an alternative algebra in his 1844.ibeale
Ausdehnungslehre This algebra includes the compl e
guaternion algebra andector algebraalthough this was not appreciated at that time.
Grassmannds book was not well received so a
1862 calledAusdehnungslehi@8]. But once again, although knawit was not adopted.
William K. Clifford further devel oped Grassn
term figeomettnc 1L87F§ebroa®. year after Gr as s m;
Clifford (18451 8 7 9 ) p u bApplicatiors d@f Ghssnsann® x t ensi veinal gebr a
which he successfully unified G&Fsaseuathenrdrsi erx

€ description of rotations. This was the birth of (Clifford) Geometric Alg&hy§29].
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Although additimal work in this area of algebra slowly progressed, present day

interest did not significantly increase until David Hestenes saw that the algebras used in
guantum mechanicshe spinor algebra of Pauli and Dirac) were exactly thafs€lifford
(Grassmann)algebra [30]. Hestenes continued to develdplifford (Grassmann)
Geometric Algebra, which is now seen to unify complex numbers, quaternions, vectors,
differential forms, spinors, as well as Pluker coordinates, hememus coordinates,
Euclidean geometry, differential geometry, projective geometry, and more, into a unified
geometricalgebra anatalcdus for physics and engineerifig]. Recently, a plethora of

work in the aplication of GAhas occurred in many areas including: rigid body dynamics
(including robotics), computer vision, computer graphics, theoretical and applied physics,

computational engineering, and other areas.

2.2 Introduction to Geometric Algebra

For a Euclideathree dimensional vector space, the orthonormal basis vectors are usually

denoted in GA asE, %E%.

Figure 2.1 Basis vector notation.

The wedge product (also called the outeexterior product) deno O@eaftwby n

basis vectais definedby the relations

&DeE= e E@ iE | (2.1)
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&EDEED, i F (2.2)

with i, j =1, 2, 2. Note thathenewobjects&@eE i , j camot be further reducedAs
relation (2.1) shows, the wedge product is aotimmutative. It is also associative and

distributive over addition.The new objectsEQgE 8 E@ § @, like the unit vectors
E, gEg (and the unit scalar Bremembers of the basis set fdd &A. They represent

oriented unit plane elements, analogues to the basis veltoeg which represent

oriented unit line elements

" IR
e3 AL A € A /\/:
e," &, e;3" &

N
e3

A A

e, e,
Figure 2.2 The unit area basis elements.The orientation of a plane is denoted in the plane,
not perpendicular to the plane.

Additionally, there is a basis object defined by

| =& BE @, (2.3)

called the pseudscalar It represents the oriented unit volume element.

Y
X
A
pLisl
f A
A oA A B
e,he, N e,

Figure 2.3 Oriented unit volume basis element: Adirectional spiral in a unit volume.
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The complete basis set for 3D GA is then given by the set

{LE oFe B0 & clip b elge k (24)
A general elemenh the 3 dimensional GA can be written as
A=s +ae beE epEde 20 te ,eE@ele [, &, (25
wheres, a, b, ¢, d, f, g, h are real numbersThe s part is called thdiscalap part, the
a&+ begE+ce part is called thévectoo part, thedE@eE+fg H@ Be | partis
called thefibi-vectoo part, and thehEQqE@g part i s cvaddteaor o hpea ritt.r i
nomenclature is derived from the number of unit basis vectors needed toalsifiigée

term ofthe part consideredThe objectA of Eq. (2.5) is called a multivector. This is

similar in structureto complex numbers when written in the foaw real #maginan.
The complex numberhas a real numbéscalar)part plus some mathematical object that
is not a real number. The whole cannot be further reduced to a real number. In a similar
way, objects of GA for example,A=3 EE &, cannot bdurther reducedo a single
real number

The geometd product, written as aixtaposition of symbols, dfvo vectors(but
not in general between two multectors) is given by

AB= AB +A 8. (2.6)

wher e« 0t hes it he vector inner product, al so c:
Although A and B are vectorstheir geomeic product, in general, is a muitector.
The geometric product is associafiekstributive over addition andvertible, but not

commutativenor anticommutative To define the geometric product for arbitrary multi
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vectorsrequires expandg the definition of the \a&or dot productor objects which are

not simply vectors. The resulting operator I's called
extension of the vector dot product is not required in this work. The interested reader is

referred taHestene$7] and toDorst, et al [9] for further details.

Since the dot product between vectors is symmté@i-cé: B 70) and the wedge

product is antisymmetri(:AQB =B ?f;l the following equationareobtained

Z\-B:%(AB +BA 2.7)
ADE = (A8 B4, 29

where the juxtaposition of the vectors indicates the geometratupt.

Because the basigectors are orthonormako that the dot product between
different basis vectors is zerm shorthand notation isefquently used in the literatufer
i, ok

&EDeE=e £ &, (2.9)
&EDeEe EeeE R E (2.10
The pseudecalar can then be written as

| =€ek . (2.12)

The inverse of the pseudtalar is given by

I "'=&ek . (2.12)

Explicitly, this is shown by
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l17"=(keb)(m e § S H e pefefdefefer. (213
Note that fori | j

EgE ¢ d

(2.149)
The magnitude of the wedge product of two 1zeno vectors is the area of the

parallelogram formed by the two vectors. Additionally, for a 3D vector space only, there

is a relation between the wedge produxt the vector cross product given by

AB A g,

(2.19)
Explicitly, for the nonero vectorsA= A& +A¢E #AgandB=BE +B¢E B¢,
AZB {AE #HeE AgE Be B B, (2.16
ADB =AE (BeE BeEBy Epe( B BE BE
AEQ(BeE+Be BBy E  (217)
ADB =ABE @F ABeEm fMvBe &
ABEDeE-ABe B2 W Be .8
AszEJQQE"Az‘%? % @‘536 sé : (2.18)
AZB =ABEe¢E ABef B Bee EABge ,ABle, AB. (219
Multiplying by the inverse pseuescalar gives

(AzB)1* {ABEBeE ABed BBee EABge ,ABEe, ABJE,. (220

(A@B) 1t =ABEcke & BB o6 £e & ABR gre ot ABE &p
ABEcE ¢pE ABeeedeE E E E

. (221
By using Eq(2.14) this simplifies to
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(A2B)1* =ABE AB&E ABeEaBe BAMBe AfF. (222

This can be rearranged awdtten as
(AzB)1I* {AB AB)E (8B AB £( A48 AB,, (223

which is seen to be the vector cross producAaind B. Therefoe, for a 3D vector
space only,

(A@B) 't =A B. (2.24)

2.3 Reflection and RotationOperators

SVP of two 2D vectors results in a thikactor, in the plane defined by the two vectors,
that is a rotated and scaled version of one of the two vectors involved. Therefore,
rotations using 2D GA is here reviewedd illustrated.

The basis sdbr 2D GA s

{L& eFeare}. (2.25
A general multivector then has the form
V=s tak beE ee Eg (2.26)
wheres, a, b, andc are real number
The reflectionoperationof a vector A about a unit vectortt, in the & @e, plane,
is given by the expression

—

A'= EAN, (2.27)
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Q$>

!

o

1

Figure 2.4 Reflection of A about the unit vector I gives A'.

As an example, consider the reflection F E about the axis line defined by the vector

é. This is written as

A'=Eek. (2.28)
Since the geostric product(indicated by the juxtaposition of the vectoisyassociative,

this expressiogan be evaluated any order.For example

A'=(&gFe. (2.29

By Eq.(2.9), since the dot produd-gEO0,

—

A'=(& ZFe. (2.30)
FromEq.(2.2)
A=( & @Fe. (230
UsingEq. (2.9) aain, in the opposite directiogives
A'=( €eke. (2.32

By the associativityproperty, this can be written as

A= &(ele). (2.33)
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Finally, usingEg. (2.6) andEq. (2.2)

A= &, (2.34)
as expected for a reflection &f about the line defined bé.

Since any rotation can be decawspd into two reflectiongny rotationoperator

acting on a vectoA can be written as

A= n&r) & = AfmE i (& nm ERA, (2.35)
where & and I define the twounit vectors about which the reflections are to be
performed Ris called a rotor andR* denoteshe inverse of the rotor. That is

RR*=( b nE=kp nnEm £niat. (2.36)
As Eq. (2.35) shows, rotors are the geometric product of two unit vectdrs.better

understand rotors, thregeneral form as a muitiector in a 2 dimensiondbA vector

spaces presented Let
m=m eErm g En e pE, (2.37)
wherem,, m, n, n, are real numbensith the restriction thatl and it are unit vectors
Then
R= En@x m e By Zé( e fl.:;)s (2.39)
which can be simplified to
R=(nm +q m) (+y m n n)Eek (2:39

Thereforethe rotorcan be writteras

R=fnkEa bl (2.40)
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wherea=(nm +, ), b=(nm -n m) and| =&eE=g Hgis the seudescalar

in the 2D GA. Mte that
(N(1)=(EeHeek e ek £dede 1: (241)
Thus the 2D GA includes the complex number algebra.

By analogy with the exponential expaorsi

o n

=8 (2.42)

andusing the geometric produydhe following expansionan be written

a n 2 *
e'x 1 a:—(ln):) 4 kx (L;) (lé)-(l) (243

Usingthe property shown ikq. (2.41) with Eq. (2.43) results in the equations

a 17x* 1*x* 0 a I°%® 1°%°
et =g +—— + Hp e+
c 2! 4! =+ ¢ 3 5!
o 2 ~ o ~
:% i + 8| + ;i_ + 8
c 2! s ¢ 3! -
Y APINC S W CL T
= 1 H 1)°
é%( ) (2n)! 8 n% ) (2n+1)! 8 (244
Recalling the expansion of the sine and cosine funcleaus to
e =cos(x) H sinik .. (2.45)

Thi s i s Eu kxpreséedn 2B GAI aOne needs to baware that thggseude
scala | is not the same as the complex numberaf 1. The pseudescalarl is an

oriented unit area objectNote thatEq. (2.45) is the same form as the rotiarEq. (2.40)

above. Thenlet
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R=€72. (2.46)

It can be shown that
R'=e'"? (2.47)
so thatRR"=1. A rotor acting ora general 20vector A= aXE +g ¢ is thenwritten as

(note the halangles)
RAR' = 72 Ad 7, (2.48)

It canbe shown thathis leads to
RAR'=( gcos(q) +gsi §)B (+ asif )g atcof ))a (2.49)
and thisis recognized as rotation of the vectoA in the | :£ @ | plane by an angular

amount@ in the clockwise X-axis towardi y-axis) direction (wheng >0). Hence the
name fforBt or o

One important property of 2D GA is that the order of gleemetric product of
three 2D vectors can be reverse(lhis is not necessarily true foectors ofhigher
dimensional @s because then the three vectors need not all lay in the samé pffame

example, it can be shown tHat 2D vectors
ABC= CBA (2.50)
Using this propertyit can be shown thabtationsin a planecan also be accomplished
without having to uséhe hdf-angle of the rotation amounBy usingEq. (2.50) it can be
shown that
RA=d72 A=Aé # =AR, (2.51)

and therefore
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=R AR! =AR' B =A&"? &7 pNe? A (252

2

Similarly, it can be shown that
=R AR' =RRA H¥? ¢ A'¥ A R. (253
Therefore, rotation of a vector in the plane can be accomplished by the application of (the
geometric product of) a single rotan the left or the right of the vector.
Consider a rotor of the fornR = % n where 1 is a unit vector in thd :£ @ |

plane.

n
3>

Figure 2.5 An arbitrary unit vector in the | = @ Qz‘ plane.

Using the angleb as defined irfFigure2.5, we have

R=EnEeg(he fig Hsin(4 ecof F p
sin(b)EaBicod Hed fof o sit ) be (259

which gives

R=¢€'’. (2.55)



20
When used as a single sided rotor theright of a vectorthis is a clockwise xtaxis

toward i y-axis) rotation (assuming is positive) of the vector in thb=6’5} @, plane by
the angular amound thatis the signed angle betweé and f.

In the next sectiorthese properties of GA and rotoese usedto develop

equations f oprodBthackbés vector

24Shacko6sProdecc t or

This researcilmakes extensive use oSVP, described as ftows. Consider two2D
vectors A and B in the xy-planesuch that vectorA makes an angle with respect to
the y-axis, and such that vectd makes an angléy with respect to thg-axis, both
angles being measured in a clockwise direction frony4dpes toward the-axis. Let the
vector C be the result o8VPof A and B. Then the vecto€ will have a magnitude
equal to the product of the magnitudes Afand B, and will make an anglgy with

respect to thg-axis equal to the sum of the anglasand 6. Thisis illustrated in

Figure2.6.
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"‘f:og+3

c

Figure 2.6 Shack's vectorproduct of A and B.

In the Optics literatureSVPis indicated by the juxtaposition of the vectors. This
conflicts with the GAgeometric product notation. Therefdreh e s yxmkith be
usedto denoteSVP in this work. Other notation foISVP will be introduced belowas

needed

There are many ways to interpret (and therefore implen8v¥®as a procedure

(sequence of calculationspome examples are:
1 First rotate the vectoA by the angular amoun and then multiplythe resultoy
the magnitude of vectoB .
1 First rotate the vectoB by the angular amourg and then multiplthe resulby

the magnitude of vectoA.
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1 First rotate the vectoE by the angular amourd plus the angular amount

and then multiply the resuity the magnitude of vectér and by the magnitude of
vector B.

1 Since any rotation can be decomposed into 2 sequential reflections, first reflect

vector A about they-axis (the& axis) to get a vectoA'. Then reflectA’ about
a unit vectorte halfway betweerE and B. Finally, multiply the resulting vector

by the magnitude of vectoB. This sequence is shown Figure 2.7 on the

following page.

Based on the description of the GA equations for reflections and rotations of 2D
vectors provided above, the steps illustrateBigure2.7 can be written as the folving

equation

C=A«B 4§(H ofrg &, (2.56)
where the parentheses have been added fotyclawghlighting the groups of single

reflection operations. This is the starting point for all the other formulatio®3/Bfin

GA.
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v Y
3 . 3
(o - A’ [o o E_}-
— B R -
A e A
€,
-— R - X
e, €,
(1) 2)
Y
—— 3 —
4 (8 3/2 Bn- 14.;
e A i
A 1 5/2
- X
e,
Q) (4)

Figure 2.7 (1) Defining the vectors and their angles. 02,& is reflected about@ to produce
/Z\i . (3) Unit vector i is defined halfway between@ and B. 4) A is reflected about

i and scaled by”é” to produce the resultant vectorC .
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For example, by using a different gromgi(recall that the geometric product is

associative)SVP can be written as
AxB=|B|(BeF A ¢ F HEB RAF, (2.57)
where the rotoR is given by
R= hgl. (2.58)
Several different expressiomsdprocedurainterpretationgor SVP are provided

in Appendix | The simplest forndeveloped in this research
AxB=ABE. (2.59)
Recallingthe property shown ikqg. (2.50), that the outer two vectors can be exchanged

in the geometric product of three 2D vectoshows that SVP, Eq. (259), is a

commutaive product,
Ax B=Bx A. (2.60)

Eq. (2.59) also showghat SVP of two vectors explitly depends on three vectors, the
third vector being a unit vector along the line used as the reference Aldge, an
important property o8VPis that the result ishaays a2D vector.

A convention often used in the optical design commuistyhat angles at
measured from the positingaxis toward the positivex-axis. In the optical testing
community, thex-axis is often chosen as the reference axis. To accommodate both
conventionsthe notation and definition 08VP is extended A subscript on thé&hack

vector productsymbol ix0  wi | | tobireicate sveiadh axis is being used th®e
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reference axis.Let A:(A(, Ay) and Bz(BM BQ be two arbitrarynon-zero 2D vectors.

ThenSVPis defined to be
Ax B* AEB{ AB -AB AB AH (2.61)

Ax, B! AEB{ AB 4B AB AR | (2.62)
where the subscript on the star multiplication symbol indicates which axis is being used
as the reference axidNote thatEq. (2.61) andEq. (2.62) show that, depending on which
axis is beingused as the reference ax®yP of two 2D vectors can produce different

results, agigure2.8 illustrates.

A*B oéx+4[)’ Yy Zy .
B B
e «
Y,
A ’Bx A @y+ ,By
Gy X A*/ B X

(a) ()

Figure 2.8 Shack's vectorproduct. (a) graphical representation of A*X I§

(b) graphical representation of A*y B.

Also note thaEg. (2.61) andEqg. (2.62) can be used tshow that
C.D=0, (2.63)
and therefore, for nerero vectorsﬁ\*x B is perpendicular to&*y B.

When the two vectors are the same vector, so BratA, Eg. (2.61) and Eq.
(2.62) form thesecond poweori s g u a hevectowith respect t&SVP. This can be

extended to include a vector raised to a positive integer power (or zero). WUsing c
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braces to indicate powerd a vector with respect t8VP, the following notationis

defined

Ax, Ax, % A= Ne Agt. pﬂEJ{ a}A: ”ﬂ&(cos( a), si( 8)) (264

nA's nAs

ﬁ(sin( any), cos( a/)) (2.65)

Ax, Ax %, A= Ne Agk- gaEJ{ *}Any\ ‘}:ﬁ

nA‘S ﬂA‘S

wherenO 0 and M‘nis the magaigide of,the vector, and the subsckipiisdy

indicate which axis is used as the reference axis. To check that these definitions are

consistent witheq. (2.61) andEq. (2.62), setn = 2, and use the trigonometric relations
cog( 27) = cod( ¢ - sif( ), (2.66)

sin(27) = 2co$ § sif ). (2.67)

Then

(A = |4 (cos( 2,) . sif 23))
:H,&”z(cosz(ax) -sit( g) , 2cob @ sip B
=(A K. 2A4) , (2.69)

and thisis the same a&q. (2.61) for the caseB = A. Similarly,

{A}j :Hﬁ”z (sin(?ay) : co{ 2@))
=4 (2c04a,) si ) . co¥{ 4 - st Y
=(2AA,. & -B) , (2.69)
and thisis the same aEq. (2.62) for the caseB= A. The definitions irEq. (2.64) and

Eqg. (2.65) aretherefore casistent with the definitions i&qg. (2.61) andEq. (2.62).
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Further extemions ofthe definitiors of Eq. (2.64) andEq. (2.65) can be made to

define then™ root of a 2D vectowith respect t&VPas follows
{414
(4,14

wheren is a nonzero positive integer.

" (cos(a, In), sir( g M), (2.70)

B (sin(ay /n), cos( g /n)), (2.71)

The cosine of the difference of two angieserms ofSVP has been developeal

this researclas follows Consider the trigopnometric identity

cos(nah- nbh) :co§n a), co(sn )Q +si€1n )@s(nn ) (2.72
whered is eitherx or y indicating which reference axis is used. This can be written in

Cartesian vector component fouming the vector dot produas

cos(na,,- nbh) =(cos€n @, , sin(un »( C((sn )47, s(m )),l
:(sin(nah), cos(n ah))-( sh(n @, , co@n » . (2.73)

And, usingEg. (2.64) andEq. (2.65), this can be writtein terms ofSVP as

c:os(nz;z,7 -n bh) %%;-{ a; , (2.74)

where E and 3 are unit vectors having angles, and g, , respectively, with respect to
the reference axig. In writing Eq. (2.74) use of the fact that
-y n an:ﬂn.an 27
{4.48,={4,{4,. @79
has been employed.Eq. (2.74) is key to writing the wavefront aberration function

expansion in terms @VP.
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2.5 Example: The Quadratic Formula for Vectors

As an example of using théave mathematical developmerd,quadratic formulaor
vector calculations usin§VP is developed. The resulting equatmil be used in the
chapter on nodal aberration theory (NAT).

For the quadratic equation

ad +bx ¢ @, (2.76)

the quadratic formula for the (possibly complex) solutions is given by

xzz—lag( b) JBF 4ac . (2.77)

An alternative expression exidiat will not be considered hef81].

A quadratic equatiofor 2D vectorausingSVP can be writteras

~3 2 — — -
ax,{X} +bx,X % 6 (2.79)

whered, b and ¢ are known constant 2D vectpend0? (0,0) is the 2D zero vector
(Recall that the result &VPis always a vector, never a scalalt.ill be shown that the

vector solutiongor the 2D vectos X such thaEq. (2.78) holdsare given by the formula

”_1_._1 é _ ) - _’1/2
X=a *hg-b {{ ) 4a*,7<} . (2.79

h

In Eq.(2.79) thenotationa * is usedor the unique vector such that
ax, a'=a'x,a =k, (2.80)
is the inverse of the nerero vectora with respect t&aVP. An explicit expression for

a'isgiven by
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 fpgleeda) - sit )
%ﬁ( sin(qy) , cos( g)) my o, (2.81)

whereg, is the angle that the vectar makes with respect to theaxis, andg, is the
angle that the vectoda makes with respect to tlyeaxis.
Let

ax, (), (2.82)

and

no. (2.83)
Thenthe solutions forX canbewritten as

X = A °B. (2.89)

This is demonstrated as followSince the geometric product is distributive over

addition,

[x}'=(A-B)E(A § AFA BB AGHE Be (2.85)

h

UsingEq. (2.50) gives

— - — —

{X}; = AE A 2 AefB Be | (2.86)

Putting this into the lethand side oEq. (2.78) gives
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o]
;(»
——
X
—
+
ol

X 5 e [ ABA2°AER BB bt X c+
= a§ AefA 2 ae, e, BSac, BEB +5( , A)B™ o

= 4€ AeFA 2 ae, Be,BBag,BEB 8 ,Axb ,B. (287

UsingEq. (2.82) gives

ax,{ X} +bx, X ax (B 8&%
ol -

T R
*

/\

“?”

|-O:On

°2a§a§é

>(>

+4E BefB +bx ,2%*1 (9B B¢ (289
¢

Expanding gives

+aE BefB _;*be;g e bE be, B (2.89)

This can be simplified to

an, (%) +bx, X '-f” &b ~acfBe i . (2.90)
Now, usingEq. (2.83), EE B can be writteras
S a2 61, 1/2 ﬁ
B%B—{ éh -}Ea h{ }Z ;/
8l_, [ra2 . g 18 A b
gl ] g (8
Sza [ Aax (} E”zg*{t}h * K,
1._. Ny _
:Zal*”al*”({b}h '4&*/7)
S 1 LA 291
—Za &a e,%t}h -a ek (297)



Using this result ifEq. (2.90) gives

N
!
|
1
=
!
(
|
-

h -4_ c4
:_—15€aleﬁ Lack e”héE(%;}f)E - dea &C
4 4 h
1o e Ay e e
=—a &beb +a ele,bEc €
4 4
=0.

Therefore

are solutions to the equation

2 — — —

é*h{X}

For the special casa = &, Eq.(2.94) can be written as

with solutions

31

(2.92)

(2.93)

(2.94)

(2.99)

(2.96)
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Chapter 3 Selected Pergectives onZernike Polynomials

Zernike polynomials are used extensively in optical design and testing, primarily because
they are orthogonal and complete over a unit radius circliskrand they present the
balane between multiple orders dfl . H. Haberrations sind the context of
minimizing the root mean square (RMS) wavefront err@k unit radius circular disk
may represent a normalized circular optieapil or a normalized circular optical surface
in an optical imaging system.Zernike polynomialsalso provide an excellent atric
basis for describing and understanding errors in the shape of an optical surface.
However, multiple definitions of the Zernike polynomials exist, each having different
normalizations and sign conventions, making communication with Zernike polysomial
risky due to improper assumptions regardimfgich conventionis beingused In this
work, the Zernike polynomialare usedo express the pupénd fielddependence of the
wavefront aberration function expansiand to define the surface shape of aftrem
optical element

In this Chapter, aeviewof some of the notatiooonventions used in the literature
for specifying Zernike polynomials presented Explicit definitions and listof a few
Zernike polynomials using both teroto-peak 0-P) and RMS normalizationis given
A discussion and examples of the Fringe ordering compared to other orderalgs is
presented. Aenit is shown how to use the properties 8fh a ¢ k 6 roduc(8MPo r
developed in the previous Chaptéw, define Zemike vectorsthat will be used in the

definition of the wavefront aberration function expansianthe following Chapter.
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Finally, brief commers on theissuesof computer imfementatiorandextensios to non

circular pupil shapearegiven Two interesing properties of the Zernike polynomials
(orthogonality over a discrete set of points and expressions for the Zeohk®emials
as sums oflecenteredrotationally symmetritermg are presented iAppendixIll and

Appendix IV, respectively

3.1Introduct ion to Zernike Polynomials
The Zernike polynomials were ddeped by Frits Zernike in 1934.1, 32]. The original
definition of these polynomials used a complex numbpresentatiothat is still used by
many researchers in differebranches of optical sciencgkl]. In this work, a real
number representati@mommonly used in opticahgineering is defined and utilized

The Zernike polynomials are orthogonal and complete over a unit radisis
[11]. Thereforethey can be used to generate a mathematical expansion of any smooth,
continuous fundbn defined over the unit radius disklThese propées of the Zernike
polynomials make them ideal for fitting interferometric data as well as surface data of
optical elements when dealing with circular shaped pupils and optical elements.

Therealcircular Zernikepolynomials can be written &snctiors of the form

Z(r, N=2,( )R FEAT) T

tsin(ny) -m <0 (31)

wheren andm are positive integers such th@¢ m ¢ and such thah- mis even and

m can changén increments or decrements of A" is a normalization constattiatmay
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be different for different values of andm. RI'(r) is the radial function factor and is

given by[11]]

=0 San m oné-m
- 0 §

with the radius parameter restricted@@ » d. A useful relation when calculating the

(n-m)/2 -1\ -
Re(r) =& (-2)°(n -s)! én-zﬁ, (3.2)
0

norm of the Zernike polynomials j&1]

1
m 1
' d = ad 3.3
oﬁ%]l( ) ( ,) r2(n +l) nn, m1m20 ( )
where
1f
» e orn=n, (3.4
L2 IO forn , n2

is the Kronecker delta.In some references thm value is allowed to be negative,
absor bi ng nitsed. Iifithi$cade the mdial function factor given3®) is
defined with the absolute value of However, this notation is not universally used in
the literature. The azimuthal factarin Eq. (3.1) arewritten in theform shownto indicate
that for a givenm, O there is a choice adither acosinefactor or a sinefactor in the
azimuthalparametet0¢;/ <2 t.

There are two primary normalization conventions in use. These are called the
zeroto-peak,0-P, normalization and theoot mean squar&MS, normalization. For the

0-P normalizationthe normalization constaril" is set to 1. In this case the squared

norm ofa Zernike polynomiails given by
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. 2 1+q
Zo(r N R 2y o8 P g

00 2(n+1)

When the wavefront aberration functiorW(H,q, I )/ a function of field

parameterdH and g, and pupil parameters and;/ , to be defined in the next Chapter,

is expanded in terms of the Zernike polynommaer thenormalizedpupil parameters

the expansion may be writtes
W=G(Ha)Z(r y+C(H )2( . ) £(H)Z@.) » @9
where C; (H,q) are the expansion coefficients. Given an interferogram of the wavefront

aberration in the exit pupil of an optical system, @hean beapproximatelydetermined
by a least squares fit of the Zernike polynomials to the interferogram @iagavariance

of the fit over theunit radius pupil is given by

2

2p 1 5_2,01 o
wW=gWRP(r ¥ o dr=f W f) rd7fd i (3.7)
00 Coo -

where the probability distribution functidar a unit radius circular pupis

P(r, J=— 2 (39)

" pupil area zp_

Then, for thiD-P normalization, the variance is calculated to be

L 1+a,,
Wz_ezz(nﬂ)c" (3.9

Table3.1 provides a list of 21 Zernike polynomials using @38 normalization.
For the RMS normalization conventiommployed by Nol[33] and Mahajanet

al. [12), the normalization constant is given by
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NP = (2 ) (n B (3.10)

Table 3.1 Examples of OGP normalized Zernike polynomialsup to j=21.
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When the RMS normalizedZernike polynomials are used to expand thavefront

aberration function, as iq. (3.6), the varianceEq. (3.7), of the expansiors calculated

to be[12]

w =3 C*. (3.12)

Table3.2, presented on the next page, gi2ésexamples of the RMS normalized Zernike
polynomials. Note that not only are the normalization constants differentptidering
assigned to the Zernimlynomials are different. This set is jbgr among astronomers
as it cdocates terms with the samie-dependence. It was originally introduced by Noll
in the context of atmospheric twilence model§34].

As indicated in Eq(3.1), there is also the notational conventiﬁp(r, I) used in

the literature for specifying the Zernike polynomials. This notation is often employed
when there is need for sequentially ordering the Zernike polynomials or a finite subset of
the polynomials. One such subset ordering of the Zernike polyrensiatalled the
Fringe Zernike polynomialsTable3.3 andTable3.4 providea list of he Fringe Zernike

polynomials. The ISO specificatiof35] utilizes the ordering labeD¢ j ¢35 while

CODE V®, for example, usdbe labelingl¢ j ¢37.



Table 3.2 Examples of RMS normalized Zernike polynomialsup to j=21.
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13 | (i2(5r%- 4 7)sin( 3)

+5 | i2r°cod 5)

15 | \f12r°sin(5))
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Table 3.3 Fringe Zernike polynomial orderings (O-P normalization).

ZernikePolynomial

CODE V® | 1SO zZ(r, )=2,( )
n m J J
0 0 1 0 1
1 | +1 2 1 rcoy( /)
1 ]i1 3 2 | rsin( )
2 | 0 4 3 [ 2r7-1
2 | +2 5 4 r*cog( 2))
2 |2 6 5 | rsin(2))
3 | +1 7 6 | (3r*-2)cof )
3 |i1 8 7o (3r2-2 )sin( )
4 0 9 8 6r'-67 4
3 | +3 10 9 | ricoq 3))
3 |13 11 10 | /sin(3))
4 | +2 12 11| (ar*-3 F)cof 2)
4 |2 13 12| (ar*-3 #)sin(2)
5 | +1 14 13 | (10r°- 12 7 +3 )rco§ )
5 il 15 14 | (10r°- 12 7 43 )rsir( )

39
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Table 3.4 Continuation of the list of Fringe Zernike polynomials(0-P normalization).
Zernike Polynomial

CODEV® | ISO z"(r, )=z, )
m j i
0 16 15 | 20r°- 30/ #2° :
+4 17 16 | r*coq 4))
4 18 17 | r*sin(4))
+3 19 18 | (5r°- 4 7)coq 3)
13 20 19 | (5r°- 4 7)sin(3)
+2 21 20 | (15r°- 20/ +6 % cof 2)
2 22 21 | (15r°- 20/ +6 % sir( 2)

+1 23 22 | (35r7- 607 430 4) cof )

i1 24 23 | (35r7- 607 430 4) sif )
25 24 | 70r°-140F +90°r 20%r

+5 26 25 | r*coq5))

i5 27 26 | r®sin(5))

+4 28 27 ( ré. 5 f‘) cog 4)

T4 29 28
+3 30 29
T3 31 30

(6r6- 5 f‘)sm 4y
(2177 30 7 410 %) cof 3)
(2177~ 30 7 410 ) sirf 3)

+2 32 31 | (s6r°- 105F +60 ‘r 10°2)rcok 2)
(
(
(

O ©f 00| 0| N Nl o o ol O 0| N| N| o o o O M| M| O|D
o

i2 33 32 | (56r°- 1057 +60 % 10°7)rsif 2)
+1 34 33 | (126r°- 2807 +210° -60°r 5) eds)
1 35 34 | (126r°- 2807 +210°r -60°r §) sif)
0] 0 36 35 | 252/ 630 +560 % -210*r 30° r
1210 37 NA | 924r12. 2772 /° +3150% -1680° r
420r%- 427 +

In CODE V®, an extension of the Fringe Zernike set is extended thjoudf.
The Fringe convention is th@weferred Zernike polymial ordering for lens design
becausat groups terms according to the associated optical wavefront aberration order.

When the wavefront aberration function is expanded in terms of Zernike polynomials, the
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expansion coefficients are functions of the field paramefersy) [1], each having a

factor of the form H™, while the Zernike polynomials are functions of the pupil
parametes (r, /), with the pupil dependence of highest exponent value beihg The
wavefront aberration order for a Zernike expansion term is then given by thea sum

As an exampleZ, of the CODE M® Fringe set has a* pupil dependence, whereas

Z,, Z,, have ar® pupil dependence. Z, is placed beforeZ,,, Z,, in the Fringe

ordeing becauseZ, has a H® factor in the associated aberratifumctiond s f i el d
dependence, wheredg,,, Z,, have aH?® factor in the associated aberratifumctiond s

field dependence. In terms of the optical aberration ordedpgorresponds to a © 4

= 4™ order aberration whereaZ,,, Z,, correspond to 3+ 3 = 6" order aberrations.

Therefore Z, is placed beforeZ,, Z,, in the Fringe ordering of the Zernike

polynomials.
The selection othe coordinate axis used for angula&ferencan optical design is
often selected to be theaxis. In optical testing the-axis is ofte employed as the axis
for angular reference. In Chaptery/P has been defined for both tkeand they-axis
as referencelt will shortly be shown how to define Zernike vectors in termSdP. It
is then necessary to specify which axis is being used as the reference axis for the Zernike
pol ynomi al 6s a zTherefote m ¢his warka isudbsorets iaciudedon the

angular dependence indicating which reference axis is being Ese@xample,

z"(r. i)=z,( W) (3.13)
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where/ i {x, y} . When no such as is explicitly indicated, the-axis will be assumed.

The explicit equation for the radial factor of the Zernike polynomials givé&gin
(3.2) is sufficient for computing low order (low value) Zernike polynomialsising
standard double precision floating point number representatiat.e\n for moderate
values of n® 15 the factorials can quickly rpduce very large numbethat, when
multiplied by small numbers (the azimuthal fact@gn result in numerical icauracies
in the computatior36]. It is known that the calculation of Zernike polynomials with
n>25 can lead tosignificant numerical errorslepending on the way thabe radial
factor is calculated37, 38]. The solution is to adapecurrence relationthat do not
suffer from sich numerical erroreven for high ordern>50, Zernike polynomials.A
Matlab implementation othe recurrence elation [36, 38] is given in AppendixIl.
Another approach tohe numericinaccuracy issue is to take advantage of modern
computerprogramminglanguage number representaaand computational methods.
For example, Matlab®has a symbolic toolbox that nc |l udes Avariabl e
ar i t h meenablestumdri¢caculationgo any specified precision (significant digits
bel ow the deci mal point) . -pMaetch esmaotni cnauBmbperr sy
provides a similar numeric computational ability to any desired precision. These
technigues overcome the numeri@ccuracy limitations of standard double precision
floating pointnumber representation. However, these alternatives tend to be slower in

computational speed.
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3.2 Defining Zernike Vectors Using SVP

The Zernike polynomials, overuit radius disk, using the-® normaleation,Eq. (3.1),

can berewrittenas

érmcos(m /7‘) for + m

a(r )R

: 3.14
frmsin(m /,‘) for- m (519

wheren andm are positive (or zero) integers,On, ni mis even, and?nm(r) is given

by

(n—m)/2 ( 1)S(n 'S)'
4 P, 3.1
Qo an+m o ng&-m 0 (3.19
(0]

s

The subscript is used to indicate which axis is the reference aXiee advantage of

Ry(r)=

pulling out a r™ factor from the radial component of E§&.1) and including it into the

azimuthal factor will be shown below.T h e°co0f superscript i s
separate parameter and is not to be combined with the integ@ne consequence of

this notational convention ishat there isnow a Zernike polynomial notation for the

number zero,Z¢, (7, /)* 0, although zero is not a Zernike polynomial. This is a

useful notational extermn to be used in the definitiaf Zernike polynomial vectorthat
follows.

There are different ways in which Zernike vectors have been definedein th
literature [39, 40, 41, 42]. Although the Zernike polynomials are orthogonal to one
anotherthis prgerty isnot usel in this research for defininthe vector basis sébr the

Zernike vectors. Instead, the Y unit vector basis set of the object (image) and entrance

b e
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(exit) pupil coordinate planes of the optical systane used. Bfine a 2D vector

consistng of the Zernike polynomials by

v °m v m,

Z=azp (r, )& Z7,( e (3.16)
wherea and b are real constants. Of particular interstthis researchs the special

subset of Zernike vectors for whialh =m, =m, n; =n, =n, anda=b = 1. Denote these

Zernike vectors afllows:

Zo (o 0 (z5C o)z (), (3.17)
Zay(r ) (z5(n)ezs (). (319
Note that
Zoa(ro 0 (250 r)rzg (L)) 419 . (3.19)
while

Zia (r 1) (250 n)rzg (o)) 409 (320

Thesdlllustratethe use of the notational conventiZQ?]} (r, /,;) 1 0 mentioned above.

Using Egs. (2.64), (2.65) and(3.14), the Zernike vectors i&gs.(3.17) and(3.198)

can be written in terms &VPas
Zin (72 £)=RICOE N (3:21)
Table 3.5 provides a list of the Zernike vectors that will be usedhe next

Chapterto convert theH. H. Hopkinsbasedvavefront aberration functioexpansiorinto

an expansion in terms of Zernike vectors.
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Table 3.5 Examples of0-P normalized Zernike vectors written in terms of SVP.

Zernike ZernikeVector in Terms bSVP
Vector

Zan (F) [ {7}

Zyy (7) {r},

Zin(r) | (2rt-20{F,

Zan (7) {7},

Zin(r) | (3r*- 2 F,

Z3y (7) {r},

Zyy (7) | (6r*-67 ﬂ){"}f

Zan(r) | (ar®- 3}

Zyn (7) | {7},

Zin () | (aor®- 127 {7}

Zin () | (5r%- 4{7F,

Zon (7) { }

Zgn (7) (20r°- 30 4 a2 % Y},

Z3 (7) (15r“ 20 7 +@{ W

Zé[h} (7) (6’2 )

Zn() | N

Zyn (7) (70r°- 1407 490 r 207 r } 7},

Zgy (7) (56r°- 105 # +60 % 19){ 1

Zyy (7) (28r4 42 7 +1E)

Z:{h}(F) (8f2 )

Zg (7) {7},

3.3 Discrete Orthogonality of Zernike Polynomials

The Zernike polynomials are complete and orthogonal over the unit radius disk. This

means that any continuous functidr(r, /) defined over the unit radius disk can be



46
expanded in terms of the Zernike polynomials. The expansion coefficients;Hor 0

normalization, are given by
om_ 2(n+1 27 : .
C"=——n y./)Z"( r)jdrd . (3.22
(1+%m) ppo ﬁ ) ( )

However, it is often the case that the continuous functidi, /) is not known in

analytic form, buits values ar&nown, or can be determinedt, a finitenumber ofpoints

over the disk. In such cases, it is still desirable to know the Zernike expansion
coefficients through an upparandm valueto obtain an approximation of the continuous
function as a finiteseriesexpansion. Such an approation to the function will be a
good representation of the function if the function converges withim tred m upper

limits used.

In general, the Zernike polynomials are not orthogonal over a finite, discrete set
of points. Howevernn a 2005 papdi3], Pap and Schipp published a result showing that
a finite set ofcomplexnumberZernike polynomials are orthogonal over a finite set of
discrete points acrosa unit radius disk. In this way, values for the expansion
coefficients can be obtained by special sampling of the function over the discrete set of
points.

As mentioned abovehé¢ oiginal work presented if43], as well as if44, 45,
utilized a complex number form of the Zernike polynomials. &upx Il provides a
derivationof the discrete orthogonality properties and equations for the real number form
of the Zernike polynomials used in thdgssertation The resultglerived in Appendix I

wereusedin this research as part of a Gaussian quadrature (GQ) methaatdinng the
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Zernike expansion coefficients of the wavefront aberration function expansion, to be

explained in the following Clpder.

3.4 Zernike Polynomials for Non-Circular Pupils

Optical systems need not have circular gltapupils. In such cases, it mail be
desirable to work with orthogonal polynomials ouie noncircular pupil shapes.
Zernike polynomials have been usaa define sets of orthogonal polynomials over
annular, rectangular, elliptical and hexagonal pupil ek, 47]. Each polynomial is
thena finite weighted sum of the circulaternike polynomials.These new polynomials
maintain the orthogonality and completeness properties of the circular Zernike
polynomials and can therefore be used to fit data from systems having thesecualam

pupil shapes.During the research describe this dissertation, a Matlab® program was
developed to implement these new polynomials for-cicoular pupil shapes. The
progr am, call ed Zerni keCal cMatlab®sCnteavFile | a b |
Exchange websitg48]. Becausethe optical models investigated in this research have

circular pujls, use of ZernikeCalawas notdirectly made.

3.5Zernike Polynomialsasa Sum ofDecenteredRotationally Symmetric Terms
During the course of this research, it vadéscovered thiathe Zernike polynomials can be

represented asums of decenteredotationally symmetricterms A decentered

e

(
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rotationally symmetriderm is definedhereby the sag equatiofdistance from thexy-

plane to the surface)
z=f(r) = ?, (3.23)

wherea is a real numbey is the radial distance from thetational symmetry-axis to

the surfacegiven by

r=y¢ %, (3.24)

andn is a sitive integer greatehan 1 The details are presented in Appendix IV

Because thisresearch project utilizeZernike polynomials, decentering of
rotationally symmetricoptical surfaces,and NAT 0 s met hod for t he
description of the field dependence of the wawetffraberration function for optical
imaging systems having decentered surfaces (to be described in Chaptetiry,that
Zernike polynomials can be expressed as a sum of decemtgatidnally symmetric
termswas an interesting discovery to makeursiing this line of reearch has led to an
approach for the application of NAT to optical elements having a freefarface shape
defined by the Zernike polynomials. THmeathematical development amkamples
utilizing NAT with freeform optical surface shapes made possible by expressing
the Zernike polynomials as decentered rotationally symmetric tareagresented in

Chapter 7
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Chapter 4 SVP, Zernike Vectors and he Wavefront Aberration

Function Expansions

Like the Zernike polynomial definition, there are different cori@s and assumptions
used in the literature resulting in different definitions of the wavefront aberration
function. Each of thesesatisfies adifferent need of the research@mploying the
definiton. Quot i ng H. H. Hop ki n sraspghéritalwavéonhas i s | ed
free from aberration, and to define the aberration of a rawve as its departure from
any conveniently chosen sphere of [t mference
this Chapte, the definition of the wavefront aberratiumctionis presergd that $ used
in this research. In presenting the definition, an attempt to explicitly define the terms and
assumptionss made. No attempt is made to reconcile the developed definitthravwy
other definition used in the literature.The definition used in this work ishat
implemented in the optical design software CODE V® and Zemax® that use the real
chief ray to define the reference sphere.

Using an extension of HH . H o pekpansiendof e wavefront abeation
function and his wavefront expansion coefficients as a starting point, it is shown how to
convert thepower seriegxpansion int@ vector expansion usingh a c k 6 rodud ct or
(SVP). An expansion in terms of Zernikgolynomialsand in terms of the Zernike
vectors, defined in the previous Chapter, is derivel way to obtain the Huakins

expansion coefficients from the Zernike expansion coefficiensdsisderived. In this



50
way, a bridge between the optical desigmownity usi ng t he Hopki nsad e

coefficients, and the optitaest and measurement communitiesing the Zernike
expansion coefficientgan be made.
The method for obtaining the Zernike expansion coefficierad usthis research
is presented It utilizesthe Gaussian quadratu(€&Q) method associated with the discrete
Zernike orthogonality property mentioned in the previous Chapter and derived in
Appendix ll1.
Because several different forms of the wavefront aberration function expansion
will be developed, a labeling of the expansion coefficients has been used to assist in
indicating which expanddboexpandieongcoeftrceied
associated with double Zernike expansionf t he wavefront &berratio
expansion coefficients wildl be assoWwi ated wi
expansion coefficients will be associated with expansions involving no Zernike
polynomial. It is hoped that this sequential labeling of the expansion coefficigtits w
make the reading of this Chapter easier to follow.
The specific wavefront aberration function expansions to be developed are as
follows.
Expansios usingWm coefficients
1) H. H. Hopkinsd Expansi onimagingFor r ot &
systems. Most often used by optical designers. The field parameter
H is restricted to be along thgaxis. No Zernike polynomials

involved.
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2) Shackdés Vector For m. Hroagingr ot at i o

systems. Anexteani on of H. H. Hopkinsd expan
restriction on the field parameter. No Zernike polynomials involved.

3) Shack VectorProduct Form. For rotationally symmetric optical
imaging systems. Theefid vector H and puil vector 7 parameters

are written in terms ofSVP. Field and pupil parameters can be
factored by a vector dot product. No Zernike polynomials involved.
This form is used to derivéhe expansions in terms of Zernike

polynomials.

ExpansiorusingV,, coefficients

1) An expansion where the pupil vector parametds expanded iterms
of Zernike polynomial vectors. For rotationally symmetric optical

imaging systemsThe V|, expansion coefficients can be expressed in

terms of theMgm expansion coefficients.

m
Ny, N,

ExpansiorusingU coefficients

1) An expansion where the field vector and pupil vector parameters are
both expanded in terms of Zernike polynomial vectors. For

rotationally symmetric optical imaging systemniBhe Wy, coefficients

can be expressed in terms of the |~ coefficients.
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ExpansiorusingU ™" coefficients

1) An expansion where the field and pupil parameters are expanded in
terms of Zernike polynomialéhot Zernike vectors) For rotationally

nonsymmetric optical imaging systems. The GQ method uses this

form to obtain theU ™ ™ expansion coefficients. Th& ™™
coefficients reduce to theU;'  coefficients in the rotationally

symmetric optical imaging system camed thesdJ  coefficients

Ny.n,
are used to calculate thN&, expansion coefficients

A graphical summary isrpsented irFigure4.1.

Expansion Coefficient Exp. Term Form Opt. Sys. Type
P 2. P PL. O, yp
U g (H ) Z” (P Rot. Nonsym.
m m 7 7m .
7y z, (H)-Z”p (P) Rot. Sym.
ym k j " Fm =
ool H lH} Z)'(P) Rot. Sym.
7. =\" 2p
H(Hep) p** and
Wiim 3 Rot. Sym.
Hln {H} .{ﬁ}m p2p
Figure 41 Summary of expansion coefficientsU, V and W. ExpfiTerm Formb i s an
abbreviation f o r fexpanm®oiroOpttSysfiMypg i s an abbreviation for il op

system Rgt.pNensywn ifis an ab bfiromtionakyt norsymmdtrios fiRot.

Symd i s an ab binotatignallg symroetric.d frc0 i s t he vect{B}rm dot product.

and { F}m are SVPsto the m™" power.

The details ofFigure4.1 are developed in the following sections.
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4.1 The Wavefront Aberration Function Definition

The coordinate systeswsed in this research abeustrated irFigure4.2.

Surface Tangent Planes

e

Entrance Pupil +Y Y Image Plane
Object Plane Ly Optical Exit Pupil ¥
+Y Surfaces =Y
An Object Ray
Field Point X +X +X
=X +X +X
"y ny 3 +Z
. ~_ e
Object Space Surface Image Space
Vertex
Points
Local Coordinate Axes
Figure42 Opti cal i maging systemds components and | ocal

The object plane is generally positioned to the left ofotheroptical systeld s el.ement s

A ray is emitted from an object point in the object plane and travels to the right toward

the entrance pupilThis left to right direction is defined to be the-axis direction. Each

of the elements in the optical model, including the object, entrance pupil, optical surfaces

with optical power, exit pupil and image have their own local coordinate systems. These

are all centered on treaxis and form a right maled coordinate system with thg-axis

direction considered to be into the page ageh+x i s di recti on consi der e
toward the top of the page. A reflective surface does not change the local coordinate
systembs ori ent atesiothe optical rmode). Whén it is hezessmany tof a ¢
utilize a gl obal coordinat e slpcatiorecan ler om whii

defined, the entrance puploldptgcal imagmg ndodelsat e sy S
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having the object plane at=1 D, the entrance pupil will always be to the right of the

object plane. For those optical imaging systdrasing a finite distance betwedhe
object surfacendthe entrance pupil, it may occur that the entrance pupil is to the left of
the object plane Similarly, the exit pupil for an imaging system may occur to the right of
the image plane.

The terminology #doptical Il maging system,
system amtidelt,id al model 0 wi | | all anddrer to a
an idealized mathematical model of the real optical imaging system. As part of this
idealization away from the real optical imaging system, it will be assumed that diffraction
effects can be ignored and that computer ray tracing is sufficientei&griding and
analyzingtheo pt i ¢ a | optcyl sberetioidss

The terminology fdAparaxi al i magingo will/l
infinitesimally close to the mechanical coordinate axis (MCA) (the symmetry axis for a
rotationally symmetrioptical imaging system) having infinitesimally small angles with
respect to the MCA. efertdffiestuosderirag macingh®a thisngo wi |
distinction is not strictly adhered to. Paraxial imaging results in perfect imaging while
Gaussian imaging, an extension to finite angles of the infinitesimal angles of paraxial
i maging, i's an approximation tadl rgeetof ect I m
computer ray tracing through an optical model without restrictions to first order
idealizations.

The wavefront aberratiofunction has beedefined in several different ways

the literature[3, 11, 49]. As an initial definition (meaning without details},dan be
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defined tobe the opticapathdifference(OPD)f r om t he r ay 6(RbeleddAv ef r ont

in Figure4d3) when the wavefront i, $0at heheaygypstemde

point (labeledB) with theimage spaceeference sphere.

Exit Pupil

Wavefront Ref. Sphere

Gaussian
Image Plane

o tZ-axis
-

c\ ‘
Figure 4.3 Definition of wavefront aberration function W.

In Figure43t he point | abeled ACO is the thenter sec!
image space reference sphere at the center of the exit pugiilh e poi nt | abel ed
intersection of the optical axis and the Gal
center of the i mage space r dhestersentionepoigp her e,

of the ray being traced witd 1tdfeerGaanucsesi amh e

radiusiRi.0i s t he r ay bei n gOPD forahe ead heingetraceéd. A WO i s t h
Although this initial definition seems simple enough, there are many subtleties

that need to be made explicit. For example, there are several choices for the location of

the center of the reference sphere as welttasces forhow the exit pupil isto be

located. Additionally, the parameters of the wavefront aberration function have different

meanings depending on the definition usetherebre additional details need to be

provided.
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In this work, the image space reference sphere will be centetieel iatersection

point of the field pointés (clhaibeefl eFitpuy Eadn di nt h
4.3), determined by real ray tracing. The image spacerefae ce spher &8s sur f a
definedtopass through the intersection point of
axis ray (OAR) in image spadcthe z-axis in the case shown Figure4.3). This is the

center of the real (as opposed to Gaussian) exit p&géain, real ray tracing is used to
determine this point along the field pointods

The reason that the professiongptical design software plkages use this
definition for the image space reference sphere is because they are desigeddrio
far more than just geometrical ray tracicagculations Specifically, they are designed to
perform diffraction related calculationsnd it is known tht diffraction effects are
minimal in the real exit pupil.

One consequence of the placement of the image space reference sphere at the
intersection of the field pointds chief ray
aberrationdrom the waefront aberration function even in the case that the final image
has significant distortianThis is often acceptable because the distortion aberration is not
an image quality reducing aberratiand it can be computed independently

The wavefront aberration functioWy, for a monochromatic raypeing traced
through the optical imaging systemodel is a scalar function in four parameters. These
four parameters uniquely define the ray that is being trac&dio parameters are

associatd with the objectsourcepoint (also @lled the fieldpoint) from which the ray
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originates and two parameters specify a point in the optical system through which the ray

passes.
There are different ways to specify the two field parameters as wellfasedtf

conventions fochoosingthe pointin the optical system th#te raypasgsthrough For
example, the field parameters, demity H :(HX, Hy), could be thexandy Cartesian

coordinats of the object point from which the ray origites, or,when the object is
effectively infinitely far away from the rest to the optical system, they could bentjies

thata line from the center of the entrance pupil to the object point nvakeshe z-axis
whenthe line isprojected onto thez andyzplanes In this work, the field parameate

are taken to be th@artesian coordinates of the pointinthgg t i ¢ a | objgcy @anee mo s
normalized by the maximum value defining the extent of the object (assumed to be a
circle in the object plane)Since these parameters are normalitieel case of the object
plane being infinitely far away from the entrance pypisents no difficulties. An

alternative form of the normalized Cartesian coordinates, the polar coordinate form,

H =(H ,qh), whereh is eitherx or y indicating which axis is used as the reference, axis

mayalsobe utilized.

The ray intersection poirdften selected ithe optical system for the remaining
two (pupil) parameters is the intersection point of the ray with either(téal or
Gaussiangntrance pupil plane or ti{eeal or Gaussiamgxit pupil plane[11, 49]. Other
choices that ocaun the literaturearethe intersection point of the rdeing tracedvith
the object space or image spaaderencesphers [50, 51]. In this work, theGaussian

entrance pupplaneis chosen. The point through which the ray passése Gaussian
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entrance pupil planeill be denotel by 7 :( L, y/) and these will be called the pupil

coordinates of the ray tracedThese coordinates are normalized with respecthe

pupild s r a d i Alternagvely, & polar fornfor these normalized pupil coordinates,

7=( r ,), maybe utilized. The wavefront abertin function is then denoted by

W=W(H7) 2 H, H. £, ) W(H,.q 4. @)

The object is idealized and modeled as a finite number of perfect point emitters in
the idealized object plane. Ffnee ac h o0 b | e c an@sgandling sdhaticalpwvave is t
imagined This spherical wavefront, also called the phase front, travels @Gahssian
entrance pupil of the optical imaging system model. The location ofSHhessian
entrance pupiplaneis determined by paraxial imaging atiek pupilwill be assumed to
have a plane circular shape. Rays are imagined and modeled, in the absence of
diffraction, as vectors normal to the wavefront surface. For any object field point there is
a unique ray that connects the objeéield point to the center of thGaussiaentrance
pupil. This ray is called the chief ray for that field ppint or t he fi el d point
The sphere centered on the field point and passing through the intersection df tthedfie
chief ray with the center of th&aussianentrance pupil is called the object space
reference sphere fordhfield point.

A real ray trace is performed through the optical imaging system model from the
object plandield point to the Gaussian imag#ane. The optical path length (OPdf)
the rayfrom ther ay 6 s i nt e r sbgectspaae mefenaricé dphere to éhe image

spacereference spheralefined aboves calculated. The optical path difference (OPD)
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is thendefined to behe OPL of tle ray minus the OPL for the fieldoi nt 6 s chi ef

Thi s means t hat cHiebray, teerOfPD forithat cheef rgg/alwaystzeyos

The wavefront aberratiofunction vaIueW:W( Hf) =V\/( H, H, £, y/) for

the ray specified by the normalized meters( *,7):(HX,Hy, L, J) is the OPD
value for that ray
W(H, H,.7,, £)=OPD( H,H, £ ). (4.2)

There is another aberration used in optical desigrectdhe transverse ray
aberration. The transverse ray is the vector, in the Gaussian image plane, from the
Gaussian image point of the ray to the real ray trace intersection point af/tivith the
Gaussian image plane It is often stated that the relation between the wavefront
aberration function and the transverse ray aberration vector function is given by

1

é(HH,y. 7, ry):n'u

BV(H.H, £ ), 4.3)

where E(HX,Hy,rx, g) is the transverse ray vector function, is the image space

index of refractionu’ isthemarginar ay 6s I mage space angle with

axis, W(HX, Hy\ 7 o ry) is the wavefront aberration functicend B is the gradient

operatorwith respect to the pupil parameterhis equationis valid for the 4" order
wavefront aberration functiow but does not holéth generalfor high order terms of the
wavefront expansiof52]. That is,in the derivation of this equation (see for example
[49]) the appraimations used limitts validity to 3% order in transversey aberratios.

It can be shown thdq. (4.3) leads to inconsistent equations for thedBder wavefront
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aberration expansion coefficieneh en used Wiotddr eq@ations fer the

transverse ray aberration function expandi88. (See Appendix V for an example.)
Also, as pointed out previously, there are several different ways to define the wavefront
aberration function. Different meanings of the pupil parameters (defined with respect to
entrance or exit pupil planes, or defined with respect to object or ispEpereference
spheres) may not be consistent viltle derivation of this equatioriLastly, the selection
of which definition of the image space reference sphere to use may result in an
incompatibility with the derivation of Eq4.3). Therefore, using Eq4.3) as the vehicle
for obtaining wavefront aberration expamsicoefficients or for work involving higher
than 4" order wavefront expansion ternis perilous.

Because the exact analytic form of the wavefront aberration fun@iomn
optical modelis not in general knowran expansion of the function in termisaopower

seriesnt h e r anprinalizetparaneterss made This is written as

W(Hx’Hy'rx’ I;/):a a a annqun:(Hny p[ qyl (44)

m=0n#H p &q 0=

whereC_,, are the expansion coefficientdt is assumed thahis expansiorfas well as

all other expansions of the wavefront aberration function to be presentedrges.The
guestion of the rate of convergence of this expansion is of particular intéoest
rotationally noasymmetric optical imaging systemdHowever, t is an issue not well
addressed in the literature.

The z-axis will be used as the MCA. The optical imaging systeadels to be

considered will be restricted to be rotationally symmetric about the MCA in the absence
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of any decenters and/ o.r Cotsequentlythedofm of thee mode |l ¢

wavefront aberration functiooonsiss of only terms that are rotationallypvariant to a
rotation about the symmetry axise., MCA). The terms in the expansidy. (4.4) are
then restricted tdoe any oneor multiples (including powers)of the following four

rotationally invariant forms

(HI+H]) H-H, (45
(re+ ) =~ (46)
(Hor +H, £) Hewy (4.7)
(Her,-H, ) $H g, (4.8)

where [C}Z indicates thez-componentof the vector enclosed Further requiringthe

wavefront aberration function to have reflectsymmetrythrougha meridional plane (a
plane containindhe field point andhe rotationalsymmetryz-axis) rules outEg. (4.8).
That is, the wavefront aberration function is not to change sign across the plane
containing the field point and tieaxis. The resulting form of the wavefront aberration
functionbés expansion can then be written as
W(R7)=8 8 &M (PR (R (or)r, (4.9)
n=0pom &
whereW,, . 4 are the expansion coefficientsth k=2n +m | 2p . The notdion
A{S}0 is wused to indicat eappendes td\iawhenaledi t i on a

Wum coefficient is associated with the sadittacal surface. This occurs when, for a

Wim, bothni 0 ph nea.
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Because hie optical system isestricted to beaotationaly symmetric, the field

point, in optical design, is ofteselected to be along the positi@xis. Using the-axis

as the reference axis from which angles are meastinedfield parameters may be

written as H :(H ,qy) with g, =0. Similarly, the pupil parameters may be writtenaa

vector in the plane of thentrancepupil, 7 :( r /). Then the wavefont aberration

function carbe writtenin the form

W(H,f):é 3 na\@m{s H ™ AP mcos™( ), (4.10)

n=0pom e
where H is the magnitude of the normalized field parameter vedtor r is the
magnitude of theormalized pupil parameter vectar and, , is the angle that theupi
parametewrectormakes with respect to the positiyexis. This is the traditional form
presented forthe expansion of the wavefront aberration function for rotationally
symmetric optical imaging systems.

To explorethe full field parameter dependence of the aberration function the

restrictionthat the field point selectelde along they-axis is removed. Theifrom Eg.

(4.9)

W(H,F)zé 3 ua\gm{s H™ ™ 2P meos™( ,q- ) (4.11)

n=0pOm &
whereg, - /, is the angle, in they-plane, between the field parameter vedtbrand the

pupil parameter7 , andthe subscript? {x, y} is used to indicatevhich convention is
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used agthe reference axis, either thxeaxis orthe y-axis from which the angles are

measured This is ageneralization of the form presented in HopKiBis
Thewavefrontaberratiororder of a term ifEq. (4.11) is given by the sum
Order=k 4 2n 2p 2m 2(n= p ), (4.12
and is therefore always even.
For clarity, it is stated again that the field parameters used in this work are the

normalized Cartesian coordinates of the object point of the ray under consideration.

4.2 Wavefront Aberration Function in T erms of SVP
It is most desirabletwr i t e t he wavefront aberration fun«

the two field parameters afactored (separated except by multiplicatiér@m the two

pupil parameters. As the function is written E. (4.11), the factor cos™(g, - /)

appears to prevent this. Howewviehas been found in this research tiég separationf

field and pupilparametes can beaccomplished by using tliegonometryrelation

o ~ 1

No1an e 1 E(m'..dE(””)ém 0
oS (- 1) Zugn G 3 8 m eotm A .9 ) ¢13
G2 = ) '
where
, €1 for mever 414
&M L0 otherwise (419
Writing

H™=H™?'H?, (4.15)
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r= /2t (4.16)
the following relation is obtained,
L 8m o
H"r"cos™( g- ) =% " red
¢2 =
l %(m-}'dE(m))ém 62’( 2(Hm-2t /:n-2t 2 2 ;
o 4 ® 0 cos{(m -2) ,g(m 2 ) (@17)

RecallingEqg. (2.74), repeag¢d here for convenience,

c:os(na,7 -n bh) {Q;-{ a; , (4.18

the cosine terms in E@4.17) can be written as

Hernstood(me 2) g {m 3) ) (A7 @
Then
1 am 6 -0 0
H"r"cos™( g- ) =—m§11 @”‘{H}h{ Vo T @
¢2 +
. 1 (m i‘-.dE(m))é_m Gtha{H}m—Zt.{ ﬂ}m.Zt (420)
om-1 ta:(-) 8?‘t tj A ho '
where the elation{ﬁ}j{?}i =1 has been usedThis resultcan be usedo write Eq.
(4.11) as
) s s . © 1ém 0 o o
W(H.7)=8 & aMWnman Sr{H L] 77 o
n=0pOm &
e ¢c2 =+
1 %(m‘}.dE(m))ém ~2(t+n) M2t o s me2t (t *P)S
Mos o7 8 3 EI {RP A AOU - (4.21)

v
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where the field and pupil parameters have been completely separated by a vector dot

productfor all orders of the expansion
Keeping only through '8 order terms, the wavefront aberration function

expansion can be written as follows.

W =Wool A {7}y Mo H{ B {8, wed B, 2rw{ g}y +
RIS R R SICAYE S Ve SO P R

Sl A7 W LR L, o ()
W, H® }.{ Wi { H }O{F}: P+ W] H}l-{ 8l 4r+;—W242{ H}Z;{ Vrox
WAL oW L, s Y 7
A AL 7L W A, e wa H{ L)
R G R (A AR {ﬁ};{f}h
WoH (AL {7 W FELFS, oo { B Y B w17
W H Y7L P HEL A )2 mNsssH{ A
|

2
3%@H}f+%ﬁﬂﬁﬁ4mwﬂﬂfv4*
l —

:

0

h{ f}; P+ H{ AL ) (4.22)

Collecting like terms ir{ H}:{F}; ¥ results in
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W=(Woo oo H WM W B W B W)

(W, + W, HE g e BT+

3 1 1 1 019 f
%Vozo"'zvvzzsz +\N22usH2 "2"\/\4122'_" W2 H Whss H _2 “Mszzﬁ{g }‘!,'{f}z r

al 1 1 0712 ¢ =~
Z%WZZZ-FE\NQZHZ "szvezsz {Q)F}/{r};

%\/131+V\/3&SH2+‘§1W333H2 M, H 7‘3|:V\/t.,33H4 E;F};’{f}; P+

2411V\/333+411VV533H2 {)H} +

Yt W Mg B Wao H W 2wl A 4 e
g%wzm;wm Swr B A W] B AL,
Mt W H 2 bt B (7)) £ e Wt e (B

Sl AL Ao ALY, 6’“"’080{ A s (4.23)

By using thedefinitions[54]

e (429
Wer * Was £ W, (429
Wy * W 5 W, (426)
Weg * W, 2 Wi, @27
Wag * Wi, 2 W, @29
Wegy * W, W, (429
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1 3
VV44OM ! VV44(B +é VV445 _gV\élM’ (430)
VV442M ! \N4425 +\N4441 (4-31)
) 3
VV531M VVSSB -'Z V\é33’ (432)
L 1
VVGZOM VVBZ(B +é VV622’ (433)
wher e t heMos uibsscused tho i ndicate quantities .

surfacethewavefrontimagingaberration functiothrough &' ordercan be writteras

W=(Woo oo H W H W W B TH 7))+
(Wt W He g H o )+
(Woao* Wy HE Mgy H W B[ {7} 7+
g%vvzzz+§vwzsz St B (M W H v, M HAF, 7
Wt G 7D (W M W LY, 7
Wt s W B 7 o o (BN (o o WY
g%w B A7Y 7+ (Wooo W ) AN, o

1

B Q7Y PO AL A A (4.34)

A general pattern of the field dependeattor functios is thattheyfactor into a
scalar part, shown in parentheses, containing even powek,adnd a Shack vector

productpart, shown as curly braces. For example

Field Dependent Part

W= '(Wsl W H Wy Hl){ 1-}2'{7‘}; £ (4.35)

Scalar Part Vector
Part
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Of primary interest in this workire the characteristics of the field depengemts of the

wavefront aberratiofunction expansionerms cal l ed t he, paititulagyl d f unc
when the rotationally symmetric optical systerm e | e npertutbesd, beeakiag the

rotational symmetryestriction This is the subject of NATbriefly reviewed in the next

Chapter.

From thenotationalpatternsfound in Eq. (4.34), a summationequationfor the
wavefront aberration function expansiamsing the medial focus surfaceW,,,,

coefficientshas beendevelopedin this research The wavefront aberration function

expansiorcan be writteras

SR ¥ B s Df M —qm
W(H7)=4 & ax 6 Wi HZ{H}h{ Ko, (4.36)
p=0m=€)n@=(} -
where
el m=0
a, =j : 4.3
0,m :’0 m’ 0 ( 7)
and k=2n4m | 2p . The M}A® subscript i ndi Mat es i n

subscript whenp, 0 andn | C for a given Wy coefficient. The wavefrontaberration
order of a term isasbefore,given by
Order=2(n +p ). (4.38)
In terms of theMaumsy coefficientsused in the originalxg@ansion, K. (4.11), the

following relation has been derived

&l g
Wome =27 %78 Ky Wi s (439

u=m
u+2
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where
€ 1é’1u 0
(. 0 -
i 2“% ¢ .m=0andu ever
Kpm=1 %7 , (4.40)
i@ u 9o
0 0
1 m g m>0
i ¢ 2 =
and
gk for k¢l
K, B . 441
LEL (o ek (4.41)
By defining
Wi , al (3 ﬁo'mw( (4.42)
0 ' :
kI m{ M} 8% Q Im{ M}
the wavefront aberration function expansgam be writteras
T LN Mmoo p
W(HJ)—a a aV\(hm{M}(H‘H) { H},,’{ ¥, (7r)h. (443

p=O0m®H& n &

Thusby using the medial focal surface based coefficieity, ., andSVP, a simple

equation(compared to E(q4.21)) for the aberration function expansiaith the field and

pupil parameterfactoredhas been achieved.

It is interesting to note the similaritiend differencesf Eq.(443) and Shack©oés
vector form of the wavefront aberration function expanskm,(4.9), repeated here for

ease of comparison

W(H'f):éi- A uéwlm{s} (FeH) (F)"(er)n (4.44)

p=0mHn &
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4.3 Wavefront Aberration Function Expansion in Terms of Zernike Vectors

Thereare several different ways thdlhe pupil dependence of the wavefront aberration

function expansiorterms, through '8 order, Eq. (4.34), can be convertethto Zernike
vector functionf the pupil parameter One way is tasimply usealgebra Specifically,
the entries iMTable 3.5, listing the Zernike vectors in terno§ SVP, canbe used tsolve

for the pupil dependemnss in terms of Zernike vectors. For examplie pupil

dependencér}, # is determined by first noticing that (frofable3.5)

Zin (F)=3(F, AV (4.45)
Then
1., . a1l o 2f a1
gzs{h}(f)z{ ¥, f‘g{ e (4.46)
And since (fromTable3.5)
Zin(F)={"hy . (447
the following is obtained
a1 1o, [\ 251 /-
(1} F=32i (F£25,(0). (449

Proceeding in a similar way, tabulaton of all the pupil dependencies &f. (4.34) in

terms of the Zernike vectois obtained
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Table 4.1 Pupil dependence in terms of Zernike vectors.

Depl)D:npolllence Equivalent Zernike Vector Combination
{7} Zin (7)

U 2| 528 (1)+328,0)

hn b | 220 (M)+223,() 25 47)

(B P | SoZam (4320 sx 2 d Y 42,4)
(P P | zan ()2 () 2250y 22,67) e ()
{7}, Zin (7)

(P B | 228 (1)+223,()

{7y # %Z;h}(7)+—22;”7(” &22; A7)

(D P | 2 (72 () 2040y 2204
{7} Zi (7)

(h 7| 32 (n)+32,()

(£ | 5 Zan ()32 (h 5200

(P | Sz (432,00 22y 22 00)
{7}, Zan (7)

(e 7| 523 (7)+ 225,00

{7 Zyn, (7)

The pupil dependence of the terms in the wavefront aberration function expansion
of Eq. (4.34) can now be written in tens of the pupil Zernikeectors. Substituting the

Zernike vector equivalent pupil dependenceTlable 4.1 for the pupil dependeres in
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Eq. (4.34) and then collecting terms of like Zernike pupil dependence results in the

wavefront aberration function as showrgag. (4.49).

34 1 1 1 1 5 & 1 1 1

W= é’%/\éoo +2' V\ézo g V\640 _+V\éeo T Wso 8 @oo A V\tm w V\é% _4 V\Kaa' 2'8
5 1 1 N .
%\/400 *t3 W42cM +é VV44W| g_r +V% GZﬂ Fio \%o)) |§| { |}| %, I’

2

2o 2 l 2 ~
%\/ﬂl-‘-gvvwl +éV\451 'g \/\471 OaE'Mlsll 2 8

3 2 ® 6 T

%\/5511+§\/\/153M 8‘4 '(\Nnj) Hﬁg{ F},]' %h}(r) +
da1 1 9 2 6 13 9 0
@VVOZO"'E\NMO %\Noeo '+5VV080 8 *%sza _Z'V\éw _20'“/\450 FB +

4l 1 Q 1 O 10 = =

%W420M + - W 8‘4 4L2VV62(M HBO{ l_} ¢ z%h} (/’) +
a4l 3 3 6, & 6 1 0-12 - =
gé*EV\/ZZZ+8VV242 10 2623-6 gwztzz -'LW442M ”_30 'E\stsz EF},}' Z{h}(f) +
841 2 14 6 1 Ol =5 (7
E}%VVIM-FSVV:LSI "“V\én 8 k'S 33 _5+V\éw Hg —3"7’\ém H g l}lh. %7}(,‘)
a41 1 6,1 13 = =
8%8&%33*’5\/\/353 842\/\/533H2 E"}h' éh}(f) +
&41 1 8

=8 2 3
5o 8,04 (7)* o, + W, 4B W, H W zh, (7)+
go 3 Q0 ?1 51 g5 it % 5w 0 54}
1 L =
%W060+EM80 8-'?0\/\/26“’/' H {él—}j. é A (I‘) +
o B Zin (1) 500 { PR 2 () + 2o {38 4.49
g 1,20 (1) @t (0 20D + oVl { 18 A (4.49)

Using a single symbal,, for the expansion coefficient of each term gives,
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W= (Vo MH VooH' VEH R H - g (1) ¢

(Vo +VaH? i H w2 HO } Z(7) +

(Ve, +VEH? W HY OHW H 220, (7)  +

(i vzt Wi i -2 (7) (s Vi Vi) -

(s Vi) AL 23 (7) £V, ¥eH? R Z0(7)

(Vv ) 120 () Vel 2 () (e A 20

o) 4 B |

(V) H}, +Za (7)+ (G RY, Zin (7) + (v ){ A} - 28, (). (450

a avnHy A} 20 (79 (451)

The terms most often of interest are the Zernike astigma(tfém (F)) , Zernike

coma(Zi{h} (F)) and Zernike spherlcz(IZZ,{h} ) terms. In Chapter 6, the examples

provided will utilize this throudh 8" order expansion ofht wavefront aberration

function  Explicit expressions for theV, coefficients in terms of thew,,

coefficients for the through f2order epansion arepresented inTable 4.2 on the
following page
ltisalsordesirable to write the wavefront abei

in terms of Zernikevectors To write the field dpendence itkq. (4.49) in terms ofthe
Zernike vectos, the 7 and r of Table4.1 are replaced wittH and H , respectiely.

The field functions inEq. (4.49) can then be replaced with field dependent Zernike
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vectors. The idea of expanding both the pupil and the field dependence in terms of

Zernike polynomials for rotationally symmetric opticahaging systems has been
previously suggested in the literatureb, 56, 57, 58]. However, these other dowbl
Zernike expansions have not been in terms of the Zernike vectoSMiyra result of

this research

Table 4.2 Vkr’nn expansion coefficients.

Vi EquivalentW,,,,\, Expression
V2 1 3 3 1 3

02 2VV222 + 8VV242 +1_0VV262 4\/\482 _1'2\/\4,10,
V.2 1 3 3 1

22 2VV422 8VV44:M ":TOV\QGJM _‘Z\Mtsm

2 1 3 3
V4'2 E\stz + 8VV642M +1_OVV66M
V2 1 3

6.2 2VV822 - 8

2
V8’2 VV[O,Z,Z

1
2
VL 1 2 8 5
03 S\M + V\{Sl \M71 -4.2_1\/\{91 _1.2.\/\{,11

1 1 2 8
Var | W 2 Wy AWy, W
v 1 2 2

4.3 3\N53JM 5VV551VI + \Nsm
VA 1 2

63 3\N7 5VV75NI
Vsls 1W

3 931M

VO 1 1 2 25 25

0.4 6VV040+4VV060 -lL7V\4)80 58#4\/\6100 _"821\/\/012
VA 1 1 2

2.4 6VV240M +ZVV260\/I -lL7V\é8(M \szn
VO 1 1 2

4.4 6\/\/44OM +ZVV460\/I -|L7VV48(M
A 1 1

6.4 6\/\/640M +ZVV66(M
A 1

8.4 E\N840M
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For a rotationally symmetric optical imaging model, the double Zernike vector

expansion of the wavefront aberration function is given by

~ 2 % L = S\ =
W(R.7)=8 & &aur., 2z (A3, (452
nI: m:nrn'l
m-2

wher emitzhte biiel ow t he summat i ontsofmby@sateed t o
than increments of 1.

The preceding development has been for rotationally symmetric optical systems.
For the case of rotationally nonsymmetric optical systam&xpansion in field and pupil

parameters in terms of the Zernike polynaisy in field and pupilis given by

n,

W(H ) a a a a :H‘*n”‘Zq{n}( )%{47(*')' (4.53)
n=0m,=n Oq'p, -
m, +2 2
wherme+2d amd+2d& i n cGdditioainh mcrements of 2.Note that these are

Zernike polynomials, not the Zernike vectors previously used for the case of rotationally
symmetric optical systems. Recall that thendex polynomials are complete over a unit
radius disk (normalized object and pupil) and thus any function defined over the unit
radius object disk and unit radius pupil disk may be so expd&@e89, 60]. This, Eq.

(4.53), will be called the double Zernike expansion of the wavefatrerration function.

It is this form of the wavefront aberration function expansion that is used together with

the GQ method to obtain the expansion coefficihfs,™ from which, for rotationally
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symmetric optical imaging systentae Wimpv; expansion coefficients of E.49) can

be obtainedas will be shown below

4.4 Method for Obtaining Expansion Coefficients

The Ur::ﬁ;:‘ expansion coefficients of the general double Zernike expansion of the

wavefront aberration function, E{4.53), may be calculatechithe following way. An
optical design, ray tracing softwapackageis used to implement the optical imaging
system models and to perform the real ray tracing. The OPD value for each ray traced
(real ray tracing)s calculated A data filecontaining fve numerical values for each ray
tracedis obtained Thesefive valuesare the 2 fieldand 2 pupil parameter valsie
identifying the ray traced, and the calculated OPD védu¢hat ray Using the discrete

Zernike orthogonalitypropertiedescribedn Appendix Il the GQ method is used twice,

once in pupil and once in field parameteslues, to obtain theU™ ™ expansion

Ny N,
coefficients.

For the through 12 order expansion of the wavefront aberration function, the
maximum radialn, Zernike index is set to,, =12. Thenthe number of radial (field

and pupil) values needed to perform the GQ procedurglaglatecby Eq.(l111.61), is

s
N

TI

én u
N . = ~max A
radial 8 2 H

é 1+7, (4.54)

(DD
N

while the number of angular values requjras given by Eqll .65), is

Napge = 2Mxe £ 2 12 1 421, (4.55)
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There are thenN_,. 3 N ¥ 25 1%t field and pupil pointsrequired for one

radial angle

application of the GQ methodThis means that75® 175 +175 =30,8C rays needo be

traced, and their OPD values <calcul ated.
which is not one of the rays needed by the GQ method and so must be traced in addition
to the GQ rays. Depending on the implementation of the real ray traciggaprothis
can tale a long time. Fortunatelyhe available commerciaptical design softwar
packagesoday arevery fast fortracing rays

Note that the numbeaf rays to be traced0800,is for a single optical model to

determine the optical models  t\W t,a Values. As will be detailed in the next

section, to obtain the remad per surface, sphere/aspijeand intrinsic/extrinsic
expansion coefficienvalues V\/kIm{M}, requires at mos#t separate optical modefser
surfaceof the original optical model. So, depending on the nunobeurfaces in the
original optical model, several times this number of rays may need to be traced.

With the double Zernike expansion coefficients’ =~ of Eq. (4.52) for a

rotationally symmetric optical imamg model knowr(the U™ ™ coefficients reduce the

Ny N,
to U, expansion coefficients for the rotationally symmetric cageget of equations
can bederivedfor the calculation of th&\,, ., expansion coefficients. ‘Ehderivation

of these equationas been accomplishedrfthe through 12 order expansion of the

wavefront aberration functionThe method of derivation is hedescribed
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A Matlab® program, using the aduh symbolic toolbox for symbolic algebraic

manipulation, was written to implement Eg.43), providing the wavefront aberration

function expansion in terms of th&,, ., expansion coefficients arsVP in field and

pupil parameters AnotherMatlab® function waswritten to calculatehe conversion of
the pupil and ield dependencieccurring in the wavefront aberration function
expansion into the equivalent realimber Zernike polynomials.A portion of these

conversions has begmesentedn Table4.1. Then, in softwarecollecting like terms in

the resulting symbolic expressiai the W( H,F) expansionprovides the Zerniken-

field, Zernikein-pupil expansion of the wavefront aberration function in terms of the

VVkIm{M} expansion coefficients. Comparison with the double Zernike expression of Eg.

(4.52) provides equations for the”  expansion coefficients in terms of tNEKIm{M}

Ny N,

expansion coefficientsA sample of these equations is presented here.

al {
U120,2 = cée‘%wmzz ( (4.56)
al 3 3 (
U82,2 = éﬁ_Tzwszz -'Z8W84M 41710W1022 ( (4-57)
al 1 1 1 3 1 (
Ug,z :6’%_0\/\/622 %WMM _?:—)LOWGGE’/I _1+6W822 _ZVVBM _12%/1022-! (4-58)
al 3 3 1 1 1
Uj,z = {:%WMZM -'?2W44M 70 4681 Téwmz _6 W622 _8 Wezw
1 5 15 5 0
+ 1_0\/\/662M 4?8 822 ﬁz\/\émﬂ 42’8\/\402:[2- (4.59
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a1 3 3 1 3 3 9 9
U22,2 = Eﬁwzzz '%W242 ihowzez _4+\N282 T4+\N2102 _8 W422 _32 sz _40 sz
3 3 9 9 1 3 3 5
16W482M 10\/\/622 j_ovvem _govvsam - 4V\{m _16V\ém 1 4\'0‘{0mz 0 (4.60)

a1 b (4.61)

2w, : (4.62)

Ués %Wssm 25W55M 25 57 35 730 175 751 14 ot *( (4-63)
al 2 2 8 2 4
u ; 3= Z—,’ijssm +1_5W35M '1"5W37M _6"'3W39m _15'\/\/53/1 _2 5W55/|1
4 2 4 8 0
2_5VV57JM ":TSVV731V| 42L5V\é5m 63\%% 0 (4.649)
al 2 2 8 5 2 4 4
U113 gwwl _FW151 g W171 ?ivvwl T4'*'VV1,11,1 _9 Waﬂl _15 Waal _15 VV@Vl (4 65)
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+ Egvvsgwl +éVV531V| ‘g\/\éSM _SﬂNsm T5+V\43a1 _ZSWM _9 W, 9

The completese of such equationsthrough 13' order (not shown)are then

inverted toprovide theW,, ., coefficients in terms of theJ" |~ coefficients. Some of

the resulting equations are provideete.

VV°40:6(U8,4 '5U(()J,6 l"aJ%,s 33 00,10 [ O0,12 Uoz,'4 5102','6
-180%, BB, W, B, 185, U%; B5:U°) (4.66)
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+18J7, -43)5, 3%;,) . (4.77)
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'Gu;l 'H-ZJ%,s laUl?,s 2"”%),1 49 19,3 56'111) (4-79)

VV080=70(U8’8 'Ug,s lj’l?t,s g'J00,1o SlJ'Pz,lo 45}'90,1)2 (4.80)

Thus a bridge between tWg,, expansion coefficients often used by the optical design

community and theJ™  expansion coefficients of the double Zernike expansion has

been established at the total system level. In the following section, the per Bysigem
expansion coefficients are obtained.

For a rotationally symmetric optical imaging model, some of @ékpansion
coefficients Ur?,h? , of the general expansion E@.53) should be zero. The deviation

from zero of such coefficients providesme indication of the accuracy of the method

used to obtain all of the) "~ coefficient values.
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Since, for rotationally symmetric systems, thé:m occur in pairs,

ny.n, n.n g

(U +"”’*’“Um'i“n,”“), it should be the case thaJI;H“f;]r*m:Umf‘n,m( Y mn). Then he

A

di fference in the pairsdé values i s another

m
Ny .M,

This method for estimating the computatiortor of the U values isused in

Chapter 6.

m
Ny .M,

Using error propagation techniquesid the estimate of tHg error,anupper

bound for theestimate of thecomputationalerrors in the finalW, .\, expansion

coefficients can be calculatedExamples will be provided i€hapter 6 Estimations for

the errors in the calculated;, ., expansion coefficients appears to be lacking in the

literature. The technique used in this research proddesthal to obtaincomputational
error estimates for the values calculatedhese errorsoccur due to limitations of

numerical representation and error propagation during calculations.

4.5 Per Surface, Sphere/Asphes, and Intrinsic/Extrinsic Contributi ons

In opticd design, and for a large part of the present work, specifically for NAT, it is
desirable to know the contribution that each @telemenin the optical modelsurface

by surfacemakes to the total systembs abhferrrati on
rotationally symmetric optical modelthat the contribution eaatptical element(surface

with optical power)makes to the total systé@&rgberration function can be summed to
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produce the total systemdés aberrrlatesisn funct

introduced For example, Eq4.9) is now written as

W(AF)= A A & W (PR (R (CF)Yn @s

j=1 nHp Gm 0=

where the expansion coefficients, now carry the subscrifitto indicate thg™

KIm{ §;
surfaceds contribution.

When the optical surfagehas arotationally symmetriconspherical shape, the
surface is consided to be composed ofasphbra s e s hape pdapo anhdmes ph
that is added to the sphere base shape. It is then desirable to know the camtiobibnie
surfacebs tot al a \nded hy thé sploere baskapetandi separatelyon pr o
the contributiorattributableto the asphericap shape In this terminology, a asphegis
composed of a sphere base shape plissphericam given by

aspheric cap= asphere sphe. (4.82

A conic is one type of asphere.

A spherical wavefront is avavefront without aberrations. When a spherical
wavefront interacts withig refracted or reflected by) an optical element, the resulting
wavefront will in general have a nonspherical shape. The difference between the
spherical shapef a nonaberrated @ndent wavefronand the resulting nonspherical shape
of the wavefrontlue to aberrations called the intrinsic aberration contribution.

It is not always the case that the incident wewafonto an optical surface is free
of aberrations.Then the resulting wavefront, after refracting/reflecting fritve optical

surface, will haveomponerg due to the aberration free spherical incident wavefront and
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a component due to the aberrations present in the incident wavefront. The contribution

due to the aberrations in the incident wavefront is called the extrinsic aberration
contributiors. The total aberration contribution of a surface is the sum of the intrinsic
and the extrinsic aberration contributions.

Because the stace is divided into apherebase shap@lus an asphericcap

shape, there are four contributions to the

are denoted byW(>,, W, WS and W,>» wh e r 180 dénoes the intrinsic

contribution fom surfacej6 s s p h er e I|Aba sdeesrtkehirdripséc ,contfibution
fromsurfacgd s a scpahpe rsi lESD p al esrthe féxtrinsic contributiomdm surface
j6s sphere baEA®& dcdmpteces atnlde fe xomrsurfacejd 8 contr

aspheriacap shape. Then
W " War) 0 Wi, Wy VT W) (4.83)

WhereV\/k(lr?];“;f ™ is the total expansion coefficieaberratiorcontributionfor surfacej.

Figure 4.4 provides an illustrationof one example of the hierdrg of

contributions to the u r f tatal @bérsatiorcoefficient value.

. SurfTo
1' VVk(Im;j I)
e N
. S 4
v N v N

. IS ES 14 EA

3 - Wk(lm)j + Vngmj) + I/ngm)j + Wk(fmj)
Figure 44 Hieraarc hy of tot al sur f ace ®he nuambeesrat thetléfton coef fi ci ent
indicates the | evel of separati crasphemcc aphe Al 8rarchy tre

= intrinsic sphespeherfeESofl=Aoe x=t capnit&iAon s3 ce xatsrpihresii «c
aspheric cap
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There are other ways th#tis hierarchy can be arranged. For example, at the

second level, th&\{>" ™ could be separatedtmthe total intrinsic contributiolfy;)

and the total extrinsic contributiofd\/l(ﬁri’j rather than the sphere and aspheric cap
contributions.

Assuming that t hew,tvaluesdan be pbtainedaas outimedl e | 0 s

in the preceding section or by other means, the following mdthedeen definednd

implemented in this workto obtain the per surface, sphere/asgherap and

intrinsic/extrinsichijyfj’e) contributons Theseexpansion coefficients are utilized irAN

to be described in the nexh@ptef or t he anal ysis of the wavef
field dependence

Assume that the optical modebnsists ofN optical surfaces that have naaro
optical power. For completeness dhe methodto be described, assume that all the

surfaces are asphey For any surfacej ¢ N in the optical systenit is assumed thatll

the surfaces preceding surfgderm an opticaimagingsubsystemdenoted bij < of

the total optical systen®, . Each such subsystem wilawe its own object, entrance,

exit, and Gaussian image planelt is further assumed that each individslrfacej,
separated from the rest of the original optical system, will fasnown opticaimaging

subsystemdenoted bys, . These subsystems are defined and modeled suclththat

Gaussiarentrance pupifor S; is the Gaussianexit pupil of Sj.<j and theGaussian
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object plane fors; is the Gaussian image plane S}‘.q. Then the total per swate

expansion coefficientor surfacg aredefined to be

(Tota]) 1 Total) _ Tota)
W Im; j'¢ | Im; ' 4§ (484

To obtain the fouwavefrontexpansion coefficient typdisted abovechanges to
both the shape dhewavefront that is incident onto tfi8 surface as well a® the shape
of thej™ surfaceare neededAdditional notation to keep these changes algbmow be

defined The incident wavefront onto th& surface will be either the real wavefront

(RW) shapefrom subsystemSj..q. or, by constructing a newoptical model consisting of

just surfacej, an aberration freepherical wavefront (SW). Th& surfacemay have
either the reaburface (RS) shapef the original surface oiit is replaced in the optical
model withjust the base spherghape (SStomponenbf thej" surfacé s s Whaep e

EQ. (4.84) can be writteras

(RWRS — \\A Totgl  _\pf Total
Wklm;j Im; j'¢j Iy j' 4§ (4.89)

denoting the aberrations attributable to surfaas a result of the real wavefront incident

onto surfacgusingsurfacgd s r eal surface shape.

By replacingthej™ opticalsurface by itspherical base shajpethe Sj 't] model

(RWSS _ RWSS Tojal
W Im; j'¢ | m;j* 4§ (4.86)

is obtained.
Replaing the incident wavefront onto th& surfaceby a spherical wavefront

originating from the local, surfagé ,sobject planethe coefficient valueyvlflsm";v?s are
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obtained. This is accomplished by constructing a separate optical msggelconsisting

of only one surface with optical power, namely surface

Finally, replacing th¢™ surface shape in thg, optical modeby the spherdase

shape of thg" surface,Wk(lfT‘f.’?s is obtained. The four per surface expansion coefficient

types can now be calculated as follows.

Warm j = Wem | (4.87)
Wi i =Warm > Wam'i (4.88)
Wi =Wem 1> Wam |0 (4.89
Wi =Wame s> Wy i Wimj Wim - (4.90)
Note that by the construction of these equations alwsys the case that
Wlfﬁta;) =W i Wi i WIE}?] i i (4.9

This is unfortunate because it does naivide for a way to independently validate the

separation of the total surface contribution into the four component values. However, as

mentioned in other work50] the 4" order extrinsic coeffi(:ientSNk(,'fj;)j and\/\{i,ﬁ?j are

always zero. This has been a valuable debugging conditiemg the implementation of

this method for calculating théy ™ coefficients Using Eq.(4.87) through Eq(4.90)

for the 4" order extrinsic coefficients should always produceuanber close to zero
When this does not occan error in implementation can be assumdtialso provdes

some indication of how accuratiee calculatedlvk,m. J- values are.The inaccuracies arise
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from the limitations of the number representation used Herdalculations, anffom

error propagation associated withe implementedequations. The 4" order extrinsic
coefficients, being theoretically zero, are not programmed into the generation of any full

field display (FFD) plots to be presented in Chapters 5 through 7.

Although the above method for obtaining tw,;m? expansioncoefficients

appears to & straight forward, there is subtle point that needs to be made explicit.

Recall that the wavefront aberration function expansion is defimetis dissertation

using the normalize@artesian coordinatabjectfield parametersﬁ . Not all researchers

may choose to use this parameterization of the wavefront aberration function. It is
possible that some researchers may choose to use a normalized object angle
parameterization. An illustraticdomparing hese choicets given inFigure4.5.

NOA NCC
H, H, +Y

ENP

L4 +1p4 y>044

0 <o
+Z

G>0

+1 -1 y<0
B B B

Figure 4.5 Field parameterization choice comparison.P oi nt s Ada baail e dam@é
point in the object plane along the ¥-a x i s . PoiBat ar eabkl edthéd same points i
object plane along thei y-axis. NCC = normalized Cartesian coordinates. NOA = normalized

object angle. The objecp o i rangkg,salong with itssign convention, is shown as. ENP =
entrance pupil. +Z is the direction of positive ray translation.
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In Figure 4.5, the normalized field component along tprexis, H, , may be either the

NCC

normalized Cartesian coordinakt,“ or the normalized object angld,**. The object

angle to the poiont tB)pdism tg plreesmyri conyention

for ois indicated irFigure4.5.

From Figure 4.5 it is seen that the followingelation holds between the two
different normalized field choices,
HNC = HNoA, (492
Why this matters is because it changes the sign of alMhevalues with k odd. k is the

power of the field parametét. As an example, consider th8 drder coma term

W HL 7) = Wy b 7 21, (4.93)

Explicitly stating that the field parameters are the normalized Cartesian coordinates, this

can be written as

W ( HNCC —’) W3 CCHNCC - 2‘ ) (494)

coma

Explicitly stating that the field parameters are the normalized object angles, the coma

term is written as

W (HNOA ~) WsoAHNOA—> 2 (4.95)

coma

Since the amount of the departure of the &fgont from the reference sphetke amount

of wavefront aberrations independent of the choice of field normalization, the relation

Wepra( HMS 7) = W HYA ) (4.96)

coma
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holds. This implies that

\MNCC H NCC _ \MNOAH NO) (497)

Using Eq.(4.92) in Eq.(4.97), the following equations akbtained

NCC H NCC _ X A( H Ncc) (4.98)
o= Wi (4.99

Therefore, the sign of the oddVi, expansion coefficients is different depending on the
normalized field parameter chosen.

This result may be the cause of a sign issue in the examples of Chapter 6. In that
Chapter, the 4 order Wi values calculatedsing the GQ method are compared to the
values reported by the CODE V® macros fifthdef and FORDME#Rch also calculate the

" order Wkm values It is there seen that th#&hs; valuesof fifthdef/FORDER have
opposite signs to that of the GQ calculatedues. However, it is not known exactly
what field parameterization the equations implemented in fifthdef/FORDER are for.

The important point ofhis discovery of this research is that tMa,, values are
not all independent of thehoice of thenormalizd field parameterization used, and it is
therefore critical to report which field normalization is being used vdagrulating and

reportingWim expansion coefficient values.
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Chapter 5 Sigma Offset Vectors, Full Field Displaysand Nodal

Aberration Theoryd6 s No d al Splits

Nodal aberration theoryN(AT) was originally developedybKevin P. Thompson[5, 54,

61, 62, 63, 64], based orarly insight into binodal astigmatisitom Roland V. Shacklt

builds on the work of Buchroedeailso working with Shackyho determined that when

an optical surface of a rotationally symmetric optical imagingesyss tilted, the center

of the field dependence of the wavefront aberration function in the image plane shifts.
[65] The quantification of this shift is denoted by a per surface 2D sigmd fvectwrt 0

§,. If the optical surface isomposed of a sphere base shape plwspimericcapshape

(which includes the conic shapgeshen each of theseéwo componentshapes of the
overall surface shape contribste different shift to thetotal field dependence
Therefore for a single optical surfacéhere isa sigmaoffsetvector for thespherebase
shape and differentsigmaoffsetvector for theadditionalaspheriacap shape.

In NAT, anodal point(a.k.a node point)for an aberration term in th@avefront

aberration function expansidsthe objectfield point H that makes the field dependent
vectorfactor (the field function)of the wavefrontaberrationexpansiorterm zero Then
the contrilution of that aberratiorermto the total wavefront aberration functiah that
objectfield pointwill be zero.

The vector valuedield dependence of scalaraberration term othe wavefront

aberration function expansion, either aseapansionin teems ofSh ac k 6 rodug ct or
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(SVP), as in Eq(4.43), or as a expansion irZernike vectos in pupil coordinatesas in

Eq. (4.51), can be graphically displayed asliznensional plots called full fieldisplays
(FFDs) For a rotationally symmetric optical imaging system, the rumets for afield

dependentterm in the wavefront aberration function expansionlasated atthe
coordinate originH =(0,0). When one or more of thema g i n g optigabstrfaced s

is perturbed(tited and/or decentered laterally fnothe mechanical coordinate axis
(MCA)) then thenode poing for a field dependenterm in the aberration function
expansionmay shift away from the coordinate origin, and nago split into multiple
nodesdepending on the characteristics of the fieldethejence of the expansion term.
NAT is the study of these characteristics of the field dependence of the wavefront
aberration function expansiderms

In this Chapter, a summargf the concepts ancequations used IMNAT is
presented A review of the definitions and equations for the f&ild sigmaoffsetvectors
is given and it is shown how these vectors are introduced into the wavefront aberration
function expansiorterms. Clarification of previously published work is maderhe
devdopment ofequatians for the sigma offset vectors, correcting for sign issusshave
beenidentified in this researcls presented.

A global coordinate systemwill be used to locate surfaces and points of
intersection, e.g. the intersection pointtleé optical axis rayOAR) and a surfacer the
aberration field axis (AFA) and a surfac@ vector may then be formed between two
points as thedifference of the two vectorsto the pointswith respect to the global

coordinate systemThis is illustrate in Figure5.1.



93

Y Surface
X . ‘4,.,"
S L
R e N A
o=@00 -T2
\ - 7

Entrance Pupil

Figure 5.1 The vector \V is obtained as the subtraction of the twovectors |31 and |52

associated with the surface points Pand P,, respectively, andreferenced with respect tothe
global coordinate system As an example, R may be theintersection point of the OAR with
the surface while P, may be theintersection point of the AFA with the surface

5.1 Calculating 2D Sigma Offset Vectors

Consider a rotationally symmetric optical imaging system. The axis of symmetry will be
defined to be alonthez-axis and it will be called theechanical coordinate axis (MCA).
Rays travel from the objeqlane through the imaging systerno the Gaussian image
plane. Thepositive direction of aay will be selectedo be in the sense of the positixre

axis. The ray from the center of the @t (the intersection of theegativez-axis with

the objectplang through the center of the entrance pupil and on through the imaging
system to the Gaussian image plang called the optical axis ray (OAR)As shown in
Figure5.2, this ray is coincident with the MCA for this case of a rotationally symmetric

optical imagingsystem.
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M Imaging R
L System L
OAR OAR +2z-axis
-
MCA
._f—j__f____. k—_-_“i_‘ﬁ
Object Plane Entrance Exit Image Plane
Pupil Pupil

Figure 5.2 OAR and MCA coincide for rotationally symmetric imaging system.

But when one or more of thepticals y st e mé s enurbédaby &lts and/ar
decentersthe OAR will not coincide with the MCAIn all cases,He intersection of the
OAR with the Gassian image plane is defth@o be the coordinate origin the image
plane. Therefore, the coordinate origin the image plane need not coincide with the
intersection of the MCA with the image plan€he difference between the OAR and the
MCA intersecion points with tle image plane is called the bsight error of the imaging

system. SeeFigure5.3.

— . Imaging : R
~———— Pupil Pupil —
Center L System J‘ Center )
\ Boresight
~ Error
OAR -~
OAR :
S —TI +z-axis
\— MCA
,_——’——fx _I—\H
Object Plane Entrance Exit Image Plane
Pupil Pupil

Figure 5.3 For a rotationally symmetric imaging systemwith one or more tilted and/or
decentered optical surfacs, the OAR and MCA need notcoincide, giving rise to the boresight
error vector.
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When one or more of the optical i maging S

optical power) are perturbed (decenteaadlbr tilted) the center of the field dependence
of the wavefront aberration function changes. To account for tiienering of he
field dependence, per surface, normalized, sigma offset vectors are introduced into the

field dependence of the wavefront aberration function. There is one sigma offset vector

associated with the spherical base shape of the suﬂ’é%e and one sigma offset vector
associated with the aspheric cap shape of the surﬁéé. For both the per surface
normalized sphere sigma offset vecﬁijrs’ and the per surface normalized asplsggma

offset vectorsjw there is a choice to define thegitherin the normalized local image

plane or the normalized local object plane. In this work, these vectors will be defined in
the normalized local image plan@nce these normakd sigma vector values have been
obtained with respecbtthe normalizedlocal image plane oén optical surfacej, they

need to be propagated to the systemds nor ma

togeher with (combined with)the normalized &ld parameterd , defined in this work

in the systembs normali zed oignjfipet f @d ande

normalized local sigma offset vectoalues depending on the orientation of the local

image plane with respetto t h e segtplane. nThesdetaldbapeesentedbelow.
Thompsonget al, [66] proposed an equation for the sphere sigma offset vector to

facilitate its calculation irrespective of how the local coordingsesn is definedn

optical design software However, this research has discovered that while the proposed

equation provides the correct magnitude for the sphere sigma vector components there is
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an overall sign issue with the proposed equation for sortieabgystems. Likewise,

there is a sign issue for the reporfé@] equation for the asphesigma offset vectofor
some optical systemdror this reason, tracking the necessary sign flips is made explicit
in thefollowing development.

For the sphere base shape oéfractingreflectingoptical surfacg, the center of
the field dependencefor an aberration term in the wavefront aberration function

expansion is located in theormalizedlocal image (LI) plane bythe 2D normalized
spheresigma offset vectos "' . It is defined to be the 2D vect®' in surfacej6 s
localimage plandivided by the absolute value ofetlchief ray height in the locahage
planefor the unperturbed optical model. The vecﬁgf" is definedin the local image
planefrom the intersection point of the OAR to the intersection point oAfhR&. The
AFA passes through the center of the local entrance (andpexit) and through the
centerof curvature of the surfaceThis is illustrated inFigure 5.4. Note that theAFA

considered as a ray has mcident and refractidreflection angle of zero tasurfacej

because it is perpendicular to the surface at the intersection point by coostructi
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L Spherical
Surface L
——— ﬁ AFA
Center of T } Ejﬁs)
Curvature
0OAR
Local
. Local
Entrance Pupil Exit Pupil
Local Local
Image Plane Image Plane
(a) (b)
Figure 5.4 Definition of the vector S(js) for a sphere base shape surface.a)(The general
setup. ) Magnified view showingthev ect or deAFAoOniitsi oan .| i niientet hr ough t he

of the entrance pupil and through the center of curvature of the sphere base shape that
intersects with the local image plane.

Based on the definitionf the é(f’ vector shown inFigure 5.4 the following

definition can be writterfor thelocal image spac@&ormalized sigma offset vector

~

89 @  eArA" -OAR' 9
si E, HCYU l:l :FI' HC ] l:l )
@‘ J ‘ H, & ‘ Y‘ Hy)

(5.1)

where super ¢ r LIpt st ands f oplanegiof surtaeg) AFA nisthewector

to theintersection point of th&FA with the local imag plane of surfacg OAR" is the
vector to theintersection of theOAR with the local image plane of surfage and

[HCY/"| is the absolute value of the height of the maximal chief ray in the local image
plane of surfacg for the unperturbed optical imaging systerfhe [ .](X " notation is

used to explicitly indicate that the resulting vector is a 2D vewttire xy-plane.
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For the aspheric c apoverath shape, nrdike for treetbased h e

spher e, there is a unique ¥ rHgare5d, aboatr t e x
which the aspheric cap shape is rotationally symmetric. The center of the field

dependence for an aberration term in the wavefront aberration function expansion
associated with the aspheric cap of a surfaselocated in the loal normalized image

plane by the 2D local image spanermalized asphee sigma offset vectors V"'

However,to obtain thisasphee sigma vectar a vector S s first definedat the

local surfacg. Oncethe S{™*" vectorvalue atsurfacej is obtainedit is projected to

the localimageplaneof surfacej and normalized by the absolute value of m@ximal

chief ray height at the local image plane of the unperturbed systemS!***™ vector

defined at surfacg is the vector from the OARs | nt er satsurfacgotmthep oi n't

aspheri c c ap 0 sSeeFigureb.ze As ap eguation, this vaa be written as

é(jA)(surf) :B\7 @W?

& (5.2)

z )
Wy)
Where\7]. isavectortosurfag s v er t e XOAR 13 & vettgr to tha idtersectio

point of theOAR with surfacg. The [ .](X " notation is used to explicitly indicate that

the resulting vector is a 2D vector in tkevertex plane of the surfaceT he sur f aceds

vertex plane is the plane containing the

MCA (the z-axis) regardlessf the tilts and decenters applied to the surface.

S u

po

s u

[

f
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1 y
Sy (A)(Surf)
EJ'
/ P
cp Line of Projection V = (A) (Tmg)
T —
OAR OAR; —— A
vea MCA
T Aspheric Cap
Local Exit Surface /
Pupil J Local Image
(a) Plane ;

i ’

= (A)(S
= Q\ :

OAR; o

i if’” EJ(A) (Img)
MCA P
Aspheric Cgp Local Exit Local image
Surface J Pupil Plane J
(b)

Figure 5.5 The S(jA)(Surf) vector is definedto be the vector from the OAR atsurfacej to the

aspheric cap6s. lvieto begnojectedto the locdlivage plane. @) For the
case that the local exit pupil occurs to the lefof the local image plane and the surface;j.
(Based on Fig. 2.8 of54].) (b) For the case that the local ¥t pupil occurs to theleft of the
local image plane but to theright of surfacej. Notice the sign flip for caself) in going from
surfacej to the local imageplane. CP = center ofthe exit pupil.

By defining the #fALine of Ptheccgnecafthono t o

local exitpu p i | ACPO a@asdveheéeerspbene AVo, and ext
local imageplane, similar triangles are formed. In this way, ®&*" vector is

projected to the local imagdane. Note that, as shown kingure 5.5(b), and explicitly

identified in this researchhere may be a sign flip agsated with this projection.To
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account for this sign flip, the sign of the dhiay height at the local imagalane is

multiplied by thesign of thechief ray height at surfageboth for the unperturbed optical

model. This is written as

J

é(jA)(img) ZSQH(HCinmg) Sgl’( HCYsurf) Img‘ T (4 sury ' (53)

J

where sgn(HCYj‘mg) is the sign of the chief ray at theperturbedocal imageplane,

sgn(HCYf“”) is the sign of the chief ray at thmperturbedsurfacej, ‘HCYj‘mg‘ is the

absolute value of thehief ray height in the local image plane of surfacer the

unperturbed model, ar{&HCYf“’f

is the absolute value of the chief ray height at suiface

also for the unperturbed model.
The normalizedasphee sigma offset vectoassociated with surfagein the local

normalized image plané then given by

S =sar(Hox™) sofHoy ) e T 6
J

Simplifying gives

&, -O0AR @
5—;]{A)LI - Sgn(HClemg) e f My)
HCYjSUr

, (5.5)

where the absolute value of the height of the chief ray at su'y,fab@YjS””, in the

unperturbed system has been removed.
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Note that since neithe?j nor OAR, at surfacg dependon thetilt of the aspheric

cap( about the &, the 3 eoffsetvecters aredndependent of surface

j6 8lt [54].
Theseper surfacenormalizedsigma offset vector£sphere§’j(s)LI and aspher
5" are used tddentify the centerof the field dependencen  t he optical sy

normalized local Gaussian image plantor the aberration termsn the wavefront

aberration function expansioiThis is illustrated irFigure5.6.

%
Center of Field

Dependence
7
LI
O-J' Conjugate
Field Point
LI
H X
Intersection
of OAR

Intersection
of MCA

Surface j's normalized local image plane

Figure 5.6 A normalized sigma offset vector (sphere or aspheric cap signifies a shift in the
center of the field dependence of an aberration terrin the normalized local image (LI) plane.
(Based on Fig. 9 0f66].)

Thelldoi s uper Figures.@ ares used mo emphasize that the parameters
shown are with respect to thecal imagespaceof surfacej. Recall that the wavefront

aberration function has been defined in this work to be a function df the a | systemo
object spacenormalizedCartesianfield parameterﬁ . Because the normalized object

field parameterH and theimageconjugatenormalized field parameteid ™, defined in

the normalizedlocal image plane, are the same up to sign, a sign flip may be necessary
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when introducing théocal image space definstgma offsewvecbrsinto the object space

defined wavefront aberration functioifhe identification of this sign flip immade explicit
in this research and is shownthe following derivation.
Consider the wavefront aberration function expansion written in the folipwin
way
W(H,7)=W( F,P) 2w (FLP) o, (H ) e W (HY, ), (5.6)
where the field and pupil parameters are normalized parametersheandubscript is

indicating the surface numbefThe W, ( FlObj,fObi) are the aberration contributiemo

the total wavefront aberration function attributable to surfac&here are two cases to
consider. The first case is thahe optical subsystem consisting of all surfaces up to and
including surfacg is an image inverting optical subsystem. The second case is that the
optical subsystem consisting of all surfaces upni iacluding surfacgis not an image
inverting optical subsystem.

CASE I
For an arbitrary but fixedON , and assuming that subsyst@lnw is animage inverting
optical systendefined by the relatia) for normalized paraeters,
HO = HY (5.7)
rv= H (5.8)

then

J

W(IZIObj,fobj):V\J/( -FIL', - |) . (5.9)
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Following the NAT prescription to reenter the field dependence for an optical imaging

system having decentered or tilted optical elesehe substution H" - H}, [54] is
made, giving
w(- A7) w (R ) (5.10)
Using thevectorrelation,illustrated inFigure5.6,
Hy =HY" SY, (5.11)
gives
W(- AL ) w( ogH F- gk w(= Ys %)L (12
Again using Eq(5.7) and Eq(5.8) for an image inverting opticaulsystem,
W(- RS s, F) (P i) (5.13)
This sequence of relations has shofor the case that the subsyste®),; is image
inverting, that the NAT prescription for the reentering 6 the field dependence for
rotationally nonsymmetric optical imaging systems is given by
W (Ho, 7o) - w (H+ g, ) (5.14)
CASE I

For the case that the subsyst@i’rlj is not an image invertingptical system,

H®=H", (5.15)
rv="H . (5.16)

Thenthe following relation holds,
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W, (H, 7o) =w (R, M) (5.17)
Following the NAT prescription to freenter the field dependence for an optical imaging

system having decentered or tilted optical elements, the substitdtion H A is made,

giving
W (RS 7Y W H, ) (5.18)
Using the vector relationljustrated inFigure5.6,
Hi =H" 5", (5.19
gives
w(F ) =w (g - g) w(l wsv). G2
Again using Eq(5.15) and Eq(5.16) for a noninverting imagingoptical subsystem,
W (RS- st ) A (FP S, o) (5.21)
This sequence of relations has shown, for the case that the subsygteis notimage

inverting, that the NAT prescription for the reentering of the field dependence for
rotationally nonsymmetric optical imaging systems is given by
W, (H,79) - W H- g, ) (522
Then, from these two casgshe recentering of the field dependenae the

wavefront aberration functios written as

ij ( |:|0bj’ ,—;Obj) _ W( [H{Obi o ~$.|’ ~9bj) (5.23)
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One way to avoid thisss e o f t h eas Wwell &s the pupdrserigi®bjo

andlofi whil e r et paeviouslynpyblishedre theflieratane[5] for re-
centering the field dependencgto change the equatiofw the sigma offset vectots
incorporatethe potentiabrientationsignflip of the local im@e plane with respect to the

total syst enfbasis,debneect pl ane

59 = g9t (5.29)
and
sW = g (5.25)
where the A+0 i s usedS;,wdnetmimagehrev eorpttii e, asmud si

used when it is an image inverting subsystem.

By using HCY2” for the (maximal)chief ray heightat he t ot alectsy st e mo s

Tot
plane (which may be infinitegnd HCY™ for the chief ray height at surfagé $ocal
image planethespheresigma equatioan bewritten as

5 =sgn(HCY,") sgf HCY™) g3 . (5.26)
And for the asphersigma offset vectoit may be written as

§’j(A) :sgn(HC\ﬁb") sgni HC\{'”‘Q) g (5.27)

Using Eq.(5.1) and Eq(5.5) these may be written as

| SAFA'- OAR' 2
5 =sgn(HCYY") sorf HCY") Gy (5.29)

e

and
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&/ - OAR @
5 =sgn(HCY) sgrf HOY) 2 J‘HCYSFEH -
J

(5.29)

ot

Note that it is customary to use the absolute value of a quantity that is to be used as a
normalization factorso that the direction of the vector to be normalized is not
inadvertently changedHence the absate value is not removed from E§.28) and Eq.
(5.29). Ths also helps t&eeptrackof the source of the sign flips.

Explicitly providing the sign flips irequation€Eg. (5.28) and Eq.(5.29) is new to
this researchalthough their concegthe definitions of the sigma offset vectors) is not.

These equationsre to be assumed when referring to the sigma offset vediors

througlout the res of this dissertation unless explicitly stated otherwisEhey are
written in this form, using the sgn(.) notatida,keep track of the source of sign flips and
to aid in understanding how they mayibmplemented in a computer program.

Note that these equations are applicable for the case that the wavefront aberration
functiondéds nor malH are the dbjece $pace moanalizen €artesias
coordinate field parameters, as used throughout this dissertatiomeS r e s enayr c her 6 s
prefer to usenormalizedimage space field parameteren deining the wavefont
aberrationf u n c tfielparanseters Let HCY™ be the chief ray height at the total
syst embs i Imasigma offdetavectr.equatibnehen using the total
image plane to define the field parameters of the wavefront aberration fuactigiven
by

51 =sgn(HCY,) sgif HCY'™) §3 v, (5.30)

ot
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and

5 =sgn(HCY) sgif HCY™) A . (5.31)

ot

Whether the normalized field parametéisare defined usingthesyt e més obj ect
pl ane or the sy hetfenmmd she equatiogseforegcéntenmeg of the

wavefront aberration functias generally given aff]
W (H.7)- wW(H-5,7), (532
whereit is now to be understood that the sigma offset vectors incorporates the possible
sign flips as given in Eq(5.26) and Eq.(5.27) or in Eq.(5.30) and Eq.(5.31) depending
on the choice of the wavefront. aberration fu

As discussed in the previous Chaptéere are four types df\/k(lTrﬁp? expansion

coefficients Type= 1S, IA, ES EA) and, at this time, only two pesof sigma ofset
vectors (sphere and asphedap). When recentering the field dependencé the
wavefrant aberration functionthe IS, ES and EA areto be associated with the sphere
sigma offset vectors, and tih& is to beassociated with the aspiecap sigma vectors.

As an example, consider the througl 6rder field dependence for the Zernike
astigmatism tern? (7) for a rotationally gmmetric optical imaging system

# Surfaces

& Types 2o
= al 3 1 N2
P A W g 3 Wes H A, - (533

Writing theexpansion coefficiertypes explicitly gives
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# Surfaces 2 ~
= _ o al s 3415 s 0712
F= aJ. E%V\/zzz;j "EVV242;' ;\/\/422; HZ {gl_}h

a1 3 ! oH,
8:‘2_\/\/2?2;1 +§\N2|/221 -'TZ\MSZI " {(.g?l_}h
alyyes w3wes Lwes e f1°
832_\/\/222;1 +§W242j -|L2V\/422j; " {gk}h
a1 3 ! oH,
W g W B, o

For the case of a rotationally neymmetric optical system, the-centering of the field

dependence is accomplished by the NAT prescription described above. This gives

# Surfaces 2

Fe A g wn Bwa (RSN ) BR el
T+ g s (H SR ) @R ),
W g SwE (R sOH (R 9) s,
W o W (R SOHH 30 B S s

wherethe H? havefirst been replaced by theitector equivalentd«H , and wheres fs)
is the sigma offset vector associated with spbere base shape of surfaceeq. (5.26),
and s”fA’ is the sigma offset wtor associated with the aspheciap of surfacg , Eq.
(5.27).

Note that once the OAR is deflected from the MCA, for example, by syrfatie

other optical surfaces after surfgomay have sigma offset vectors associated with them

even though thessurfaces may not be tilted nor decentered. For this reason, the sigma
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offsetvectors are nonecessarilydirectly associated with the tilt or decenter parameters

of a surfacen the optical model

It is expected that the magnitude of the normalisegimaoffset vectors, for small
perturbations of an optical surfaceill be less than or approximately one. For larger
values, it is not cleathat the use of the sigma vectors in the wavefront aberration
functi on expansi on doesw@etr gsnage i oif catnhd yf wa
expansion. In one example to be presented in Chapter 6, the magnitude of a normalized
sigma vector is greater than 20. This, together with the limited accuracy Withe
expansion coefficients, and thieuncation order of theexpansionused may leadto
inaccuracy in the resulting field dependence for the optical model considered. The range
of acceptabilityfor the magnitude of the sigma offset values has not been formally
addressed here. However, it seems clear that sigitnassymuch greater than omay

present issues ime computational accuracy of the field functions.

5.2 Review ofFull Field Displays(FFDs)
FFDsare a graphical way of illustrating the vector field dependétheefield functions)

of theterms in the wavefront aberration function expansiorthe field parameter space

(the H :(HX,Hy) space) (Note that this is not the image plane of the system.

Although the normalized field parameters can be mapped to the image plane, the
wavdront aberration functionand hence the field functions, is not defined in the image
plane.) The FFDsare the primary method fauantitativdy andqualitatively validating

the mathematical development in this reseaifdhey are the primary means foisassing
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the field dependence of the wavefront aberration function for optical imaging systems.

An example of &FD is shown inFigure5.7. This FFD was created from real ray trace
data for a 2 mirror Ritche€hrétien telescope model. The hiid of view (HFOV) for
the optical model is 0.6 degrees. Other details of thieadphodel will be presented in

the next Chapter

1331 08r
@
= 1.00¢ 06r /
< 7 /////ﬁ/’ﬁ&
> o {fz/f?ﬁr—ﬁ
c -067Tr o 04r
= B \\ (}J:,;’f-'—x\.b:\\

— N

@ P
5 033t 02f \\X\\Q\fff,_\:}'”;’//
(8] P TR e - ,,/////
z = B
N o0tz O} - -
m (T8 R R .
g = LT S e IR
= 033r8 02t AN
3 g ANy
] w / \\x-._—.r//j
& 0675 -04f TN 7
R N
g 1.00 A6} \\ e

133¢ 0.8

08 -06 -04 D2 0 02 04 06 038
Object Space X Field Angle (degrees)

L . . 1 )
133 1.00 067 033 -0.00 -033 -067 -1.00 -1.33
Object Space Mormalized Cartesian X Value

Figure 5.7 Example of aFFD for the Zernike astigmatism term Z7 (7) .

Figure 5.7 showsa plot of the field dependence of the wavefront aberration
function expansion for theZernike astigmatism termsZZZ(F):(ZZTZ(”a,Zz'z(”)/)
through 1% order. Specifically, the double Zernike expansion of the wavefront
aberration function, Eq(4.53), was used together with the GQ method described in

Appendx Il to obtain the expansion coefficierity ™ . The input to the GQ method

was the OPD real ray trace data obtained from CODE V® for the optical model. With

the expansion coefficients determined, the field dependent vector functio
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Ifzz(HX,Hy):(FZ*Z,FZ'Z) associated with theZ?(7) terms were then known as

functions of the normalized Cartesian object field parameiters(H,,H, ). From Eq.

(453
2 -1-2 nl—i- +2 —
E?=a aupsizr(H), (5.36)
ny=0ny = A
my +2
o 2N ) -
FR2=8 aur;*zr(H) (5.37)
nH:O&:ZFh

A grid of 21x21 normalizedobject field points wa& used togethemwith the field
dependent vector functiofr to calculate the vector valug each of the normalized

field grid points A symbol wa plotted at each of the grid points to represent the vector
valuesF;” of the field dependence of tiéZ(F) aberr at i oexpafisemterhsi on 6 s
In Figure 5.7, the symbol used is a line segment. The length eflite segment

corresponds to the magnthfjw.deneomiefntatibrhoéthevectoré

line segment likewise corresponds to the orientation ofthes e ct or 6 s ori ent at i

field para(ﬂdglﬂyémoér(ﬁnatenﬂaaeja i's customary to ign

and At ai | O0synabel psedto reppebentttibreike astigmatism aberratioR,

vector, hence the line segment i®dias the symbol plotted. A scale bar is provided in
the lower right hand corner of the plot, in units of waves.
The FFD of Figure5.7 is presented with two axis @es for both the- andy-

axes. In this work the field parameters to the wavefront aberration furentgoine
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normalized Cartesiaxandy vaIues(Hx, Hy) identifying the object source poifdr the

ray being traced through the opticglstem In optical design it is more common to use
the associated object angles to identify the object source point, particularly when the
object is effectively at (minus) infinity along tleaxis. However, since the relation
between the object anglesd the Cartesian coordinate system of the object plane
changes sign dependirog whether or not the entrance pupil occurs to the left or to the
right of the object plandgoth parameterizations are hsr®wn to avoid any confusion.

In additionto the Zenike astigmatisnFD shownabove, two otheFFDs are

often produced to display the field dependence of the Zernike coma
Z;(7F)=(Z*(7). Z*(")} and the Zemike sphericak{(7)=(Z;°(7),0) aberration
expansion terms. The follomg FFDs provide examplesor theseFFD types using the

same telescopmockl as for the Zernikestigmatism plot above.
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Figure 5.8 Examples of (a) Zernike coma and (b) Zernike sphericdfFDs.
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As shown inFigure5.8, the Zernike coma plotsseconelike symbolsi;ﬁ to represent the

If; field dependent vector functioralueswith the tip of the cong@ointing in the vector

direction while the Zernike spherical plots use a circle symbols to represeﬁﬁ’tfﬁield

dependent vector functioralues Other symbols are used in tREDsassociated with

other types of Zernike aberration terms of the wavefront aberration function expansion.
As can be seen in the Zernike coma plot, there is a center nodal point (zero value)

at (0, 0) and a set of field points forming a ring of zeros héntérminology of NAT, this

ring of zeross not consideredto lien o d a | Ipissimplyt agig.of zerosThis ring
of zeros in the field dependence of the Zernike coma té@r(rf) results from the

associated field functioshovn here through®order)
2 Ot 18 -
Fslzg’%vvlal -'T,__)VV151{8 } -'L%/mm H { FB’ (5.39)

having a field linear part andfeeld cubic part. Where the two contributing parts cancel

defines the ringf zeros

5.3 An Example of Nodal Point Splits and Nodal Locations

When an optical surface in a rotationally symmetric optical imaging system is perturbed
(decentered and/or tiltedhe center node point in BFD may split into multiple nodes.
Thompson[5, 54, 61] originally developed analytic equations for thesuting nodal

point locations using th&hack vectoexpansion of the wavefront aberration function,

see Eq(4.9), through &' order using a complex number fioalism forSVP. Later, in a
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series of paper§62, 63, 64], Thompson extended this to include throudh dder

aberration terms. For illustrative purposes only, the binodal split of the Zernike
astigmatism term for 4 order is presentetiere using the Zernike expansion of the
wavefront aberratin function and the GA definition forSVP as developed in this
research.

Cortinuing with the telescopenodelof the previous sectiorthe primary mirror
of the modelis decenter in theyraxis direction by 3nm and the Zernike astigmatism

FFD is again generated. h& single nodal point in the Zernike astigmati§iaD,

originally located athe centerH =(0,0) of the plotis now seen to splinto two nodal

points.
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Figure 5.9 Example of a nodal point split of Zernike astigmatism. Left: Rotationally
symmetric optical imaging system. Right: Primary mirror decentered byy = +3mm.

This behavior can be calculated by considering the Zernike astigmatisior

field function Ifzz. Assumingthat the Zernike astigmatism @ominated by # order
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aberrations, the field dependencei)j(f) for the rotationally symmetricnodel (see

Eq. (4.49)) can be approximated be

# Surfaces
& Types 1

F2= 4 W, {F} . (5.39)
jo2 s

For the rotationally nasymmetric case, this vector function becoméy NAT

recentering of the field parameter

g%_urfaces
~ res ~ ype) 2
F= a 5WZZZU.{H s (5.40)
J

Setting this equal to the zero vector, and recalling the algebraic proper&a&othe

equation for the nodal points can be written as

g‘ST;;ggeslw s H 2 2H & (Typg & Typy] 2 26 541
Ejl > 222;jg }h' *n S| '{%‘ }/7 0° (5.41)

Distributing the summation gives

# Surfaces # Surfaces
& Types 1 2 & Types 1
A = ] = L & (Typo
a VV222;j{H}h+ a VV222j( '2H*h5j )
i 2 i 2
# Surfaces
& Types

: =(Typal? — &
aj_ EWZZZ;j{sj s }h =0.

(5.42)
And this can be written as

(5.43
where
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# Surfaces

& Types

A= § EV\ézz;j , a scalar (5.44)
i
# Surfaces
. &T_y_pes
B= & W,,,$§"™ , avector (5.45)
j
# Surfaces
~ _&T'y'pes = (Typa) 2
C= a]_ EV\ézz;;{S; }h , & vector (5.46)

Using Eq. (2.96), the vector form of the quadratequation usingSVP, the two nodal

point Iocationsl—TL2 are given by

=
N

-1
H - = . 4
1,2 2 u

> | o

1feB &
-1
2

>0

> 1o
%)

T (5.47)
i Ay

As Thompson has showfar more complicated nodal patterasd equations for

thenode locationganemerge whehigher ordemberration terms are considefé@,63].
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This chapter provideseveralexamples of the application of the nréedevelopedn the

previous Mapters tadealizedoptical imaging systermodek as a means foralidating

the mathematical developmenThese examples will consist afirror basedtelescope

systems. Not all models usedsexampleswill be realizableas actual telescopesrhe

goal tere is toqualitatively andquantitatively check the mathematical development

previously presented rather thane performance evaluation of apgrticulartelescope

system.

The primary methodor qualitativdy checking the mathematical development

the visual comparison of the full fieldlisplays(FFDs) calculated using the vectdield

function of termsf r o m

t

he

wavef r on expaasioe rTwa differenh

expansionsand thus two different processase used.These processes are gjnecally

presented ifrigure6.1.

FFD

A B
Rotationally Nonsymmetric Rotationally Symmetric Rotationally Nonsymmetric
Optical Model Optical Model Optical Model
Real Ray Trace Real Ray Trace
OPD Data OPD Data NAT Sigma Vectors
GQ Method With GQ Method With W, Sigma Vectors
Double Zernike Eq. Double Zernike Eq. Figlld Function Eq.
uTEme m 21x21 Field Points
.0 NpN
i m
;o= FFD
UmH:mp w klm F (UnH:np)
Dyl p
21x21 Field Points \—

Figure 6.1 Outline of the processes for generating=FDs for rotationally nonsymmetric

optical
aberration

i maging

systems.
functi on Wy, vaRiesp NAF sigma HffBad vectosse and theh e

field functions from the single Zernike expansion.

Process

A0

us es

t

he

functi

doubl e
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The first expansiownf the wavefront aberration function usedhat of Eq(4.53)

utilizing the double Zernike form, through “order in pupil and field, having the

U as expansioooefficients. This expansion valid for rotationallysymmetric and

rotationally nosymmetric optical models. The expansion coefficients are obtained from
using real ray trace data (OPD values for the rays trdoeah) CODE V®and the GQ
method described in Appendix.IIWith the expansion coefficients known, and using the

double Zernike expansion, the desiféleDs are produced.Typically the FFDs of the

vectorfield functionsof the Zernike astigmatisrz? (7), the Zernike comaZ;(7), and

the Zernike sphericaky (7) terms are used.

The second expansion of the wavefront aberration function used is the single
Zernike (in pupil parameters) expansion givby Eq. (4.51) valid for rotationally

symmetric opticalimaging systemsonly. This expansion is in terms of th&m

expansion coefficients. For a rotationally symmetric optical imaging modeU,i}}j‘;?
expansion coefficients are the = expansion coefficients. The Wum expansion

coefficients are then obtableby using Eq(4.66) through Eq(4.80) that arein terms of

theuy™

n o+ @s well as additional similar equations for higher oM&r when needed.
The per surface, sphere/asghentrinsic/extrinsic Wym values are then obtained as
detailed in Chapter 4. After obtaining theWyn, coefficients, the optical model is

perturbed (some of the optical elements are decenterear &iltddl) and the sigma offset

vectorsof NAT are calculated. Usindhé vector fieldfunctions of the expansiorg.



119
(4.51), the Wy, coefficients,and the sigma offset vectothe FFDsare again produced
These FFDs are visually compared to thd=FDs produced using thelouble Zenike
expansion for the same pertatboptical imaging model.
The quantitative check of the mathematical developmsnperformed by
calculating the differencbetween the tw&FDO s  gata generated as described above.
Plots of the differences for ea€élirD, as well as the numeric vawf themean, standard

deviation, and signed maximum differerafehe FFD differencedata, are provided.

6.1 Early Development, Early Results
During the early stages of the research described in this dissertatiowateéront
aberration function expansion in terms of Zernike polynomialthénnormalizedoupil
parameters’ , for rotationally symmetric optical imaging systems was degeo This
resulted in the publication of thaticle [1] detailing the results obtad The material
presented in thgiaper occurred before the development of the Zernike vectmeptas
presented in Chapt8ras well asmany otheiconcepts developed in Chapterthébughb.
This also acurred before the quantitative analysis of the FFD comparison was
devebped. For this reason, only qualitative comparisons are presented in this section as
they are presented in the origiraaticle [1]. Quantitative analyses of FFD comparisons
are presented in section 2 of this Chapter for the optical models presented there.

At the time of the writing ofarticle [1], the wavefront aberration function

expansion was mtten in the form
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W(H,F):--- +g( H2) H"cog m¢ Z™( ")r -§( I—F) H"si{ m) @"(") +4, (6.1)
whereH is the magnitude of the normalizedlfl parameter vectonis the angle that the

field vector makes with thex+axis, 7 is the normalized pupil vector, and
g(Hz) :(;a}OCq(Hz)q : (6.2)
whereC, are expansion coefficients.

The qualitative checkf the expansionthrough &' order plus 8 order spherical,
was performed by utilizing CODE V® versio® 1 4BDscapabilities and three optical
models. A modified version of the fifthdef.seq and FORDER.seq COD# nfacros
(modified and provided by Kevin Thompson) for the calculation of the per surface
wavefront aberration expansion coefficientém; through 8 order plus 8 order
spherical, but not including the separation of the extrinsic spherexdndsic asphee
coefficients, was utilizedThe results are describedthis section

The first model presented in the papHris thatof a Baker telescope model. The

layout of the modek presented ifrigure6.2.

!

J ” /“/»
,»//

Figure 6.2 Baker model layout. The arrows indicate the location of the aperture stop.
Originally published in [1].



The model has an entrance pupil diamete4G8.75mmand ahalf-field of view
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(HFOV) of 1.0°. The surface parameters for the model are presenfeabie6.1.

Table 6.1 Surface definitions forthe Baker telescope rodel. Table generated by CODE V®.

Surface # SIJ;:;:E S-J;j;:e Y Radius Thickness Glass Re;;z:t Serr_i—Ai::ert'.Jre
1 Sphere Infinity 6.4516 Refract 238.7800

Stop Sphere 4177.1900 18.6090 517645 _C Refract 234.3750 ¥
£ Sphere Infinity 392 .8648 Refract 334 _3385 O
4 Sphere -1515.0917 —-392.8648 Reflect 230.0712 ¥
5 Sphere 4594.9085 -25.5000 517645_C Refract 107.6064 ¥
8 Sphere -1378.9582 25.5018 517645 C Reflect 101.4760 ¥
7 Sphere 4594.3095 423.8800 Refract 99.9264 Y
8 Sphere 403.6685 13.8770 SSENE_S5C  Refract 71.4907 ©
9 Sphere -796.0580 3.4500 Refract 71.0183 ©
10 Sphere 175.2720 4.8250 LLFEHT_5 Refract 66.3261 ©
11 Sphere T3.9082 13.7850 WEKT_SCH Refract 59.7542 ©
1z Sphere 117.3800 178.1550 Refract 59.8231 ©
13 Sphere Infinity 69.9987 Refract 36.4116 ©
Image Sphere Infinity -0.0358 Refract 26.3121 O

The FFD comparison is presented Figure 6.3. It shows that the equations
developed and presented in the pdpdémualitatively reproduce thEFDs produced by
CODE W (version 10.4¥or this model

Initially, the Zernike astigmatisrRFD, the top rowcolumn p) of Figure 6.3,
calculated by the equations, did not match the CODE V generated FFD shown in column
(@). As a result of this investigatiomh was found thaCODE V® (version 10.4) divides
the azimuthal angular dependence of the field parameters of Zernike astigmatism by %z in
order to present the results with respect to the image plane rather than pettt teghe
exit pupil where the wavefront aberration function is defined. The other models to be
presented in this section of this Chapter similaggthe reduced angular valte match
CODE V® (v10.4) All other Chaptersandall othersections in tls Chapterrestore the

factor of 2 for the azimuthal angle in the field dependence of the Zernike astigmatism

FFDsto be consistent with the definition of the wavefront aberration function
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Figure 6.3 (a) The left plots arefrom CODE V (V10.4), while (b) the right plots are based on
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8" order spherical). Top row: Z5 + Z6 (Astigmatism). Middle row: Z7 + Z8 (Coma). Bottom
row: Z9 (Spherical). Originally published in [1].
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The second model presentedpaper[1] is that of @ imaging systenbased on

the James Webb telescope. The layoutesgmted irFigure6.4.

Figure 6.4 Model based on the James Wekelescope. Arrows indicate the location of the
aperture stop. Based on a Figure originally published ifi1].

The entrance pupil is defined to have a diamet&603.5mmand the HFOV is
defined to be0.25. The suface definitions are presented Trable 6.2. The conic
constant for the primary, secondary, and tertiary mirrorsi &®967,11.6598, and

10.6595, respectively.

Table 6.2 Surface definitions for the James WebHike model. Table generated § CODE V®.

Surface # SIJ;:;ZE SIJ;f;ZE Y Radius Thickness Glass RE;Z;:TL Serr.i—;;:erture
Chject Sphere Infinitcy Infinity Refract ]
1 Sphere Infinity T7294.,0420 Refract 3333.5765

Stop FRIMARY Conic -15879.7200 -7169.0420 Reflect 3301.7500 ©
2 SECCHNDAR Conic -1778.9130 7965.3130 Reflect 354.8738
4 TERTIARY Conic -3016.2270 -4861.5912 Reflect 468.5729 ©
Image Sphere 3017.5600 0.1170 Refract 570.6737 O

The FFDs generated by CODE V® and by thealyticequations presented |fifi]
arereproducedn Figure6.5. Becausdahe Zernike astigmatisiRFD obtained by using
the through B order wavefront aberration function expansion did not reproduce the full

field plot generated by CODE V® (version 10.4), it was hypothesized that the Zernike
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astigmatisrrfor this modelhad a sjnificant amount of highethan &" order astigmatism
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Figure 6.5 Qualitative comparison of CODE V (version 10.4) FFDs to the FFDs produced by the equations
presented in[1] for the wavefront aberration function expansion through 6" order plus 8" order spherical (a)
The left plots are CODE V generated FFDs (field range + 025°), while @) the center display are based on
analytic calculations using Eq. (12)of paper [1] (wavefront aberration function expanded thraugh 6" order)
with a field range + 0.25°. The rightdisplay (c) shows the result foran equation for Zernike astigmatism
expanded through & order (Eq. (16) of paper [1]) and a least squares fit to CODE V dataroviding a far better
qualitative match to the CODE V® results. Top row: Z5 + Z6 (Astigmatism). Middle row: Z7 + Z8 (Coma).

Bottom row: Z9 (Spherical). Originally publishedin [1].
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To test this hypothesisnd because at the time of this part of the research higher
than 8" orderWm values were not availabla,Matlab® function was written to perform
aleast sqgares fit tosome ofthe Zernike astigmatism data used by CODE V® to generate

the CODE V® Zernike astigmatistAFD. The Zernike astigmatisr(Fringe Zernike
Z,, Z,) termsof the wavefront alreation function was expandetrough8™ order and
for the field angleg =0 , they takethe form
W= fw, H oW HY v H) Z(7) - (63)
where w, ; are the expansion coefficients to be determined by least squares fit to the

CODE V® full field data. These coefficients are related to ¥R, coefficients, but do
not provide theMm coefficients. They are undetermined sums of\Whg, coefficients.
AUndetermined because it is not known exactly which orders contribute to their values.
With the coefficient values obtained from the least squares fit, the Zernike
astigmatismFFD of Figure 6.5(c) was generated. As can be seen, there is now a very
good match to the CODE V® generated Zernike astigma#$tD validating the
assumption that higher ondecontributions contribute significantly to Zernike
astigmatism for this modaind that the equations can reproduce the CODE V® results
The third model presented fifi] is that of a 3mirror proprietary telescope model
Therefore, details of the model are not given. The HFOV for the model is 15F%FChe
comparison between the CODE V® and analytic equatdifs] are presented iRigure

6.6.
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Figure 6.6 Qualitative comparison of CODE V® FFDs for a proprietary telescope model. &) The left displays

are generated by CODE V® (version 10.4while (b) the center displaysare based on analytic calculations using

Eq. (12) of [1] (wavefront expanded through &' order). The right plots (c) show the results for the wavefront

aberration function expanded through & order (Eq. (16)of[1)and a | east squares fit to
data. Top row: Z5 + Z6 (Astigmatism). Middle row: Z7 + Z8 (Coma). Bottom row: Z9 (Spherical). The field

rangeis £ 15° Originally publishedin [1].

It is seen that the analytic equations for the expansion of the wavefront aberration
function through 8 order do not reproduce tHeFDs produced by CODE V®. The

wavefront aberration function was then expanded thrd&fylorder for Zernike coma
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(Fringe Z,, Z;) and sphericalFringe Z,) as well as for astigmatism. For the case

g =0 these terms then have the form

W=... '(V\é,z H’ W, H* V\teHG) ZS(F) ( W/',lH W7§H_F W75H'f) Z( q’)
+(W9,o g ,H? W9,4H4) ZQ(F) o (6.4)
Using this expansion, a least squdiiesand the CODE V® data for tHe-Ds, as with

the previous model, thew, ; expansion coefficientsvere obtained. Using the obtained

values and the equations ji] the FFDs s hown a0 @&idurek.Giwere
obtained. Theselots show good qualitative agreement with the CODE V® generated
FFDs.

The results indicated the need, for some optical models, to includd el &
wavefront abeation expansion coefficientsThese are not available using the fifthdef
and FORDER CODE V® macrod-herefore an alternative methoidr the calculation of
the wavefront aberration expansion coefficieém;, that would not be limited to
through &' order was sought. Additionally, it was discovered that the equations used in
the CODE V® macros for some of th& 6rder expansion coefficiealculations coul
not be reproducedand that no published detailed documentatiothefderivation could
be located [67, 68]. (See Appendix V for an example of the issues founarwh
attempting one approach te@dvethe é" order expansion coefficientsFinally, it is not
clear whatdefinition (what reference sphere locatiamhat exit pupil (real or Gaussi)
location) is used for theum; coefficientscalculated by the fifthdef.seq/FORDER.seq
CODE V® macros.The development of the GQethod for the calculation of th&m;

expansion coefficients adescribed in this dissertati@mvercomes these limitations
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In the remainder of this Chapter, the FFDs from CODEWG®sion 10.5re used
as part of the qualitative comparisons of the EFBs pointed out previouslyhe CODE
V® version 10.4Zernike astigmatisnfrFD has a factor of 2 difference its azimuthal
angle parametecompared to the equations developed in this disserta@@DE V®
version 10.5 restored this factor of 2.

The mathematicadnd otherdevelopmentsletaikedin the previous Chapters, will
now be usedin the remainingexamplesof this Chapter. The examples are used to
guantitatively and qualitatively check the mathematical develomnt since the

publication of{ 1].

6.2 Two Mirr or Telescope Model

The first example is a two mirrorotationally symmetritelescope systenirhe layout of

the model is presented Figure 6.7, generated by CODE V@modified to include the
surface numbers and scalar. The modektarted as RitcheyChrétien telescopeesign

but the surface shapeme then modified That is, the surface shapes have purposely not
been optimized for minimabptical aberrations so that the sphere and céRBs will

show nonnegligible aberrations. The purpose here is not to design optical imaging
systens but tocheckthe developmentetailed in previous Chapteasid to illustrate the
information available to a designer pgrforming similarfield analysisduring the design

process
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[ ]

56.82 MM

Figure 6.7 Two mirror telescope. Surface 1 is theaperture stop and entrance pupil. Surface
2 and 3 are the primary and secondary mirrors, respectively. Surface 4 is the image plane.

This model is defined to have an entrance pupil diameter ofrtB0and uses a
wavelength 0f632.8om. The HFOV is 0.6 degrees. The primary mirror has a conic
constant of- 1.1 and the secondary mirror has a conic constant 2b6. Additional

surface and layout data gyeovided inTable6.3 from CODE V®.

Table 6.3 Surface data for optical model.

Surface # 5;;:;:5 SJ;:;:e Y Radius Thickness Re;;;:t Serr.i—;;:ert,ure
Object Sphere Infinity Infinity Refract o
Stop Sphere Infinity 10.0000 iRefract 75.0000 ©
2 Conic -T742.8572 —-260.0000 Reflect 75.0650 ©
3 Conic —-290.2328 479.9995 Reflect 25.3524 0
Image Sphere Infinity 0.0000 Refract 16.9108 ©

As described in Chapter &nd in the introductory comments to this Chapieo
categories ofFFDs are to be generatemhd used for comparison. The first category of
plots is that based on real ray tracing OPD data (obtained from CGDE &/ GQ
method and the double Zernike expansion of the aberration function thrdliginde? in

field and pupil parameters, E@.53). The resuk of applying the GQ method are the

U™ expansion coefficients for the dae Zernike expansiorof the wavefront

aberration function These coefficients, together with the double Zernike expansion
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equation, are used to generate the data to be displayed in the first catdgfebg.ofThe
second category dfFDs are generated byse of theH. H. Ho p k Mignsegpansion
coefficients, the single Zernike expansion of the wavefront aberration fur{asoally
through &' or 8" order)and, if the optical system is not rotationally symmetric, the sigma
offset vectors. Th&FDs from these two categoriemre displayed side by side so that a
visualqualitative comparison can be made. gbalis to determine if the single Zernike
expansionu si ng t h é&\VmHExpankionrceeicients;ommonlyused by optical
designersiogether withthe sigma offset vectors for tedgionally norsymmetric optical
models can reproduce thEFDs of the double Zernike expansiori.he double Zernike
expansionis consideredby the authorto be a closer representation to the true field
dependence of the op#l model and sat is used as the basis for the comparison.
Quantitativédy checking the mathematical developmeéniperformed by calculating the
differencebetween these two categoried=iD plot data.

The Wum; expansion coefficients were calculdtas describeth Chapter4 and

m
Ny 1y

will be tabulated below An estimate of theomputationakrror in theU coefficient

values used to calculate th'%, values was performedAbsent from the literature is a
discussion of estimations of the error in the calculation of g, expansion
coefficients. It was found that the method used in this research allows for the calculation

of an upper bound for the estimate tife computatinal error by the relation

umm=umm . The symbol fAlf0 is to bEisread as

follows by considering bottdouble Zernike expansions for the wavefront aberration

function, for the rotationally symmetric case, E@.52), and for the rotationally
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nonsymmetric case, E@.53). Forexample, for the rotationally nonsymmetric case, the

aberration function expansion will contain the ter@§ (7) and Z;*(7) with field

functions shown here as,
W=-.. .( 6;13’1251'( |1|) ...azgl(f) (...+ U5'13+1251( f-|) ) z(7) . (65

However, when the optical system is rotationally symmetric,(&§) will reduce to the

form, according to Eq4.52),

W=-.. .g u;é’ﬂzsk( |1|) e US%'1251(1:|) ‘823%?)’23](7) g (66
W= g WLEZE(R). Z(H) g482X(0). 2X() g (67
W=... ( H;ysz;(g) ...B.Zé(F) 6.8)

Eq.(6.7) is obtained becauseis a requirement thdt;; *=U.3 * WU ;. in order to form

the Zernike vectorZé(H) in Eq. (6.8). So, in generalfor a rotationally symmtic

optical imaging system, aestimaion of the computational errois given by the

difference
D 4. ™™ Ymm, (6.9)
Thefollowing chart shows that the worst errbrin any of theU ™™ coefficient values

for this optical modeis approximatelyl.2® 10'° waves.
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Error Walue (Waves)

-1

1 1 1 1 1
0 20 40 60 80 100 120
Zernike-Zernike Expansion Coefficient Squential Numbering

Figure 6.8 Estimated error values for the double Zernike expansion coefficientsalculated as
the difference D ;™' ™ ;™™

Using this value for the error estimation of the double Zernike expansion
coefficients, the equations E@4.66) through Eq.(4.80) for the Wi expansion
coefficients andthe equations for error propagatian estimate for thepper bound of

the computationakrror in theWkm values was calculateshd is displged in Figure 6.9

for the through 8 order coefficients.
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The bar charbf Figure 6.9 shows that the % order Wim values have ampper
bound error estimate of approximatel§5 310° waves while most of the"6order
coefficients have ampper bouncerror estimate of approximateR10’ waves or less.
These error estimates provide some confidence thatthevalues usedh checkingthe
theoretical developmeifithe resulting values calculated using g, values) will na be
undermined by theicomputationakerrorvalues From a practical point of view, recalling
that values of th&\Vim coefficients less than about 1/106f a wave arenegligible it is

then confirmed that the values reported/e calculatiorrrors well below thigriteria.
The through B orderWim coefficiens for the Zernike astigmatism terrﬁj(?)

are presented ifiable 6.4 and Table6.5, rounded to thd™ decimal position Although
not used in this researdine CODE V®fifthdef/FORDER calculated values are provided

for comparison.



Table 6.4 Through 6™ order intrinsic Wy, coefficients for the Zernike astigmatism term.
GQ = values from Gaussian quadrature. FF = values from fifthdef/FORDER(Units = waves.)
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Surface Intrinsic (GQ) Intrinsic (FF)

Number | Wum | Sphere | Asphere| Total | Sphere | Asphere| Total
2 Wazo 1.2772 | 10.0003 1.2769 | 1.2770 [710.0003 | 1.2767
2 Wy |170.0251 [70.0002 |[70.0253 | 0.0354 |[170.0028 | 0.0326
2 Wy, | 70.0002 0.0 10.0002 | 0.0 0.0 0.0
3 Wa, | 71.0676 0.6206 |10.4470 [711.0676 | 0.6206 |10.4470
3 Wago 0.0587 [710.0034 | 0.0553 | 0.0046 |710.0203 |70.0157
3 Wy, | 10.0001 0.0 10.0001 |70.0004 | 0.0008 0.0004

Table 6.5 Through 6™ order extrinsic Wy, coefficients for the Zernike astigmatism term.
GQ = values from Gaussian quadrature. FF = values from fifthdef/FORDER. (Units = waves.)

Surface Extrinsic(GQ) Extrinsic(FF)
Number | W, | Sphere| Asphere | Total Total

2 Wy, | 0.0 0.0 0.0 0.0

2 Wae, | 0.0 0.0 0.0 0.0

2 Wy, | 0.0 0.0 0.0 0.0

3 Wy, | 0.0 0.0 0.0 0.0

3 Wy, [70.0360 | 0.0019 |710.0341 10.0184

3 Wy, | 0.0 0.0 0.0 0.0009

As seen inTable6.4 andTable6.5, there is a goodhatch between the GQkm
values and the CODE V® fifthdeffFORDER calculated values for tfleodder
coefficients, but there are differendes the 6" order coefficients.Attempts to reconcile
these differences were not performed.

Figure6.10pr ovi des the comparison oFFDst he Zerr

Figure6.10(a) is a FFD plot for the optical model generated by CODE V® version 10.5
and is included for visual comparison with the FFD gtajure 6.10(b) generated by

using the double Zernike expansion and GQ method for determining the expansion
coefficientsU r::”n'” . The FFD ploFigure6.10(c) was generated using the single Zernike

expansionand theW, expansion coefficients The difference betwee



datg (b) i (c), is also shown irfFigure6.10(d).
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The difference datd smagnitudevalues

havea maximunmdifferenceof 0.00002 wavesa mean of 0.000009 waves ansta@andard

deviation (STD)f 0.0000G waves Thed i f f e r e angleevalubshdvea thaximum

differenceof 26.8 degrees, a meah@O06 degrees and a STD of 1.2&ydes.
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Figure 6.10 Comparison of Zernike astigmatismFFDs. (a) Generatedby CODE V®. (b)
Generated from real ray tracing OPD data from CODE V®, double Zernike expansion
through 12" order, and the GQ method. €) Generated by using the single Zernike expansion
through 6" order and the Wy, expansion coefficients. (d) The difference between the
Zernik e astigmatism FFD data generated by the double Zernike expansion and the single
Zernike expansion using the calculate®V,,, values, ) 7 (c).
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The through B order Wy, expansioncoefficiens for the Zernike coma term

Z(7) are presented ifiable6.6 andTable6.7.

Table 6.6 Through 6™ order intrinsic Wy, coefficients for the Zernikecomaterm.
GQ = values from Gaussian quadrature. FF = values from fifthdef/FORDER(Units = waves.)

Surface Intrinsic(GQ) Intrinsic(FF

Number | Wy, | Sphere| Asphere| Total | Sphere | Asphere| Total
2 Wi, | 12.4815 | 0.1873 12.6688| 112.4815 [ 10.1873 |112.6688
2 Wis; | 70.0903 [ 10.0427 | 10.1330| 10.2347 | 0.1448 10.0899
2 Wisyy | 710.0026 | 70.0 10.0026| 70.0019 | 0.0 10.0019
3 Wi | 76.7483 [ 15.0697 |111.8180| 6.7483 | 5.0697 11.818
3 Wis; | 0.3409 | 0.1494 0.4903| 710.1045 |710.1523 10.2568
3 Wizw | 0.0004 | 10.0030 | 10.0026| 0.0062 | 0.0008 0.0070

Table 6.7 Through 6™ order extrinsic Wy, coefficients for the Zernike coma term.
GQ = values from Gaussian quadrature. FF = values from fifthdef/FORDER(Units = waves.)

Surface Extrinsic(GQ) Extrinsic(FF)
Number | W, | Sphere | Asphere| Total Total

2 Wia; 0.0 0.0 0.0 0.0

2 Wis, 0.0 0.0 0.0 0.0

2 Wagm | 0.0 0.0 0.0 0.0

3 Wia; 0.0 0.0 0.0 0.0

3 Wi | 7025119 [70.11103 | 0.36222 | 0.3702

3 Wsaiw | 0.00019 | 0.00198 [70.00217 |70.0119

Of particular interest, note that th#,3; value from the GQ method has the

opposite sign to the values calculated by fifthdef/FORDER. One possible explanation for

this has been offered at the end of ChaptefHat is, fifthdef/FORDER may be defined

to use the normalized object angle field paeters rathethanthe normalized Cartesian

field parameters.

There is a signfeience between these two wagfsdefining the

normalized fieldoarameters
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Figure 6.11 Comparison of Zernike comaFFDs. (a) Generated by CODE V®. (b) Generated
from real ray tracing OPD data from CODE V®, double Zernike expansion through 13
order, and the GQ method. ¢) Generated by using the single Zernike expansion throug8"
order and the Wy, expansion coefficients (d) The difference between the Zernike coma FFD
data generated by the double Zernike expansion and the single Zernike expansion using the

calculated Wy, values, p) 1 (c).
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by using the doubleeétnike expansion and the GQ method for determining the expansion

coefficientsU," " . The FFD ploFigure6.11(c) was generated using the singlerdike

expansionand theWq, expansion coefficients The difference betwee
data, b) 1 (c), is also shown iFigure6.11(d). The di fference databds me
have a maximum difference of 0.00009 waves, a mean of 0.00005 waves and a STD of
0.00002 waves. The di ffer endifereccadfial®s angl e
degrees, a mean ©f0.36 degrees and a STD of 7.5 degrees. The large maximum angle

difference occurs near the node where the data values are very small.
The through 8 orderWim coefficiens for the Zernike spherical terrd (7) are

presented iTable6.8 andTable6.9.

Table 6.8 Through 6™ order intrinsic Wy, coefficients for the Zernikespherical term.
GQ = values from Gaussian quadrature. FF = values &m fifthdef/FORDER. (Units = waves.)

Surface Intrinsic(GQ) Intrinsic(FF)

Number | Wy, | Sphere| Asphere| Total | Sphere| Asphere| Total
2 Wos | 30.4932|133.5425 | 13.0493| 30.4932| 133.5425 | 13.0493
2 Woeo | 70.1470| 0.1798 | 0.0328| 0.4662| 10.4958 |10.0296
2 Whiom | 70.0107| 0.0018 |[70.0089| 0.0030| 0.0001 | 0.0031
3 Wos |T710.6642| 10.3539 |710.3103|7110.6642| 10.3539 |10.3103
3 Woso 0.5566 | 710.5406 | 0.0160| 0.2377| 10.2285 | 0.0092
3 Waom | 0.0053| 70.0020 | 0.0033| 70.0117| 710.0089 |T10.0206

Table 6.9 Through 6™ order extrinsic Wy, coefficients for the Zernike spherical term.
GQ = values from Gaussian quadrature. FF = values from fifthdef/FORDER(Units = waves.)

Surface Extrinsic(GQ) Extrinsic(FF)
Number | Wi, Sphere | Asphere Total Total

2 Woao 0.0 0.0 0.0 0.0

2 Woso 0.0 0.0 0.0 0.0

2 Wosom | 0.0 0.0 0.0 0.0

3 Woso 0.0 0.0 0.0 0.0

3 Woso | 10.43422 0.42159 710.01263 0.0518

3 Wosom | 10.00181 0.00191 0.0001 0.0002
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Figure 6.12 Comparison of Zernike spherical FFDs. (a) Generated by CODE V®. (b)
Generated from real ray tracing OPD data from CODE V®, double Zernike expansion
through 12" order, and the GQ method. €) Generated by using the single Zernike expansion
through 6" order and the Wy, expansion coefficients. (d) The difference between the
Zernike spherical FFD data generated by the double Zernike expansion and theingle
Zernike expansion using the calculate®V,,, values, p) 1 (c).

Figure 612 provi des the comparison of

Figure6.12(a) is a FFD plot generated by CODE V® version 10FHgure 6.12(b) is



140

generated by using the doublerdike expansion and the GQ method for determining the

expansion coefficientd) ™™ .

The FFD plotFigure 6.12(c) was generated using the

single Zrnike expansiomnd theW, expansion coefficients The difference between

t he

t wo

FIBB D ()s is alsa shawn irigure 6.12(d). T h e

di fference

magnitude values have a maximum difference of 0.0002 waves, a mean of 0.00014 waves

and a STD of 0.00001 waves. The angular data is not reported becaysetigonent

of the Zernike vectoZ; (7) is zero by cortsuction.

Figure 6.10 through Figure 6.12 and the quantitative datall shov good

agreement between the double Zernike geneifsfe and tle single Zernike generated

displaysusing theéWn, values provided iTable6.4 throughTable6.9.

The optical model was perturbed to produceottionally nonsymmetric case

Specifically, the primary mirror was decentered along yrexis by +0.05mmand the

secondary mirror wadecentered alonthe x-axis by+2 mm The sigma offst vectors

were calculatedsing Eq(5.26) and Eq(5.27) and their values arghown inTable6.10.

Table 6.10 Normalized sgma offset vector values.

i S S A A
Mirror # s, s, s s,
1 0.0 0.006515 0.0 10.477447
2 10.350143 | 0.012968 10.726156 0.012708

The FFDs for the Zernike astigmatism term comparistar this rotationally

nonsymmetric optical modare presented iRigure6.13. Figure6.13(a) is a FFD plot

generated by CODE V® version 10.5igure6.13(b) is generated by using the double

Zernike expansion and the GQ method for determining the expansion coefficients

d
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U™ ™  The FFD plotFigure6.13(c) was generated using the single Zernike expansion

and theW, expansion coefficients The difference bebjiween t he
(), is also shown irFigure6.13(d). The di fference datads magni
maximum difference of 0.01 waves, a mean ©f0.001 waves and a STD of 0.0046
waves. The difference xtnan diffeenceaafiglB.8 val ues
degrees, a mean of 0.008 degrees and a STD of 1.38 degrees.

As can be seen ifrigure 6.13, the difference data shows a good agreement
between the two FFDs. The binodal split of the original single node of the rotationally
symmetric case, as discussed in Chapter 5, is clearlyvalosm Figure6.13. Due to the
decenter of the secondary mirror along ¥hexis, the nodes are also seen to be shifted
slightly to the right in the plots.

The FFDs for the Zernike coma term comparison for this rotationally
nonsymmetric optical model are presentedrigure6.14. Figure6.14(a) is a FFD plot
generated by CODE V® version 10.Figure6.14(b) is generated by using the double

Zernike expasion and the GQ method for determining the expansion coefficients

U™ ™ . The FFD plofFigure6.14(c) was generated using the single Zernike expansion

and theWn expansion coefficients The difference bebjiween 1t he
(), is also shown irFigure 6.14(d) . The difference databds ma
maximum difference of 0.016 waves, a mean of 0.014 waves and a STD of 0.001

waves. The difference dudiffarénce ofa3g tlegrees,al ues F

a mean of 0.22 degrees and a STD of 0.04 degrees.
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Figure 6.13 Comparison of Zernike astigmatismFFDs. (a) Generated by CODE V®. (b)
Generated from real ray tracing OPD data from CODE V®, double Zernike expansion
through 12" order, and the GQ method. €) Generated by using the single Zernike expansion
through 6" order the Wy, expansion coefficients, and the sigma offset vectors(d) The
difference between the Zernikeastigmatism FFD data generated by the double Zernike
expansion and the single Zernike expansion using the calculat®d,, values, f) 1 (c).
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Figure 6.14 Comparison of Zernike comaFFDs. (a) Generated by CODE V®. (b) Generated
from real ray tracing OPD data from CODE V®, double Zernike expansion through 13
order, and the GQ method. €¢) Generated by using the single Zernike expansion throug8"
order the W,,, expansion coefficients, andthe sigma offset vectors. (d) The difference
between the Zernike coma FFD data generated by the double Zernike expansion and the
single Zernike expansion using the calculated/,,, values, o) 7 (c).

It is seen that the perturbations of the mirrorshis model produce a constant

coma field dependence.
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The FFDs for the Zernike spherical term comparison for this rotationally
nonsymmetric optical model are presentedrigure 6.15. Figure6.15(a) is a FFD plot
generated by CODE V® version 10.5igure6.15(b) is generated by using the double

Zernike expansion and the GQ method for determining the expansion coefficients

U™ ™  The FFD plofFigure6.15(c) was generated using the singlerike expansion

and theW, expansion coefficients The difference bebjiween t he
(o), is also shown irFigure6.15d). The di fference dataods magni
maximum difference of 0.003 waves, a mean of 0.001 waves and a STD of 0.001 waves.

From the plots inFigure 6.15itisseen t hat the perturbed
spherical field dependence is also dominated by a constant spherical dependence across

the field.
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Figure 6.15 Comparison of Zernike spherical FFDs. (a) Generated by CODE V®. (b)
Generated from real ray tracing OPD data from CODE V®, double Zernike expansion
through 12" order, and the GQ method. €) Generated by using the single Zernike expansion
through 6" order the Wy, expansion coefficients, and the sigma offset vectors(d) The
difference between the Zernike spherical FFD data generated by the double Zernike
expansion and the single Zernike expansion using the calculat®d,,, values, f) 1 (c).
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Figure 6.13 through Figure 6.15 and the quantitative difference dathow that
there is a goodagreement between the double Zernike expansion of the wavefront
aberration function and the single Zernike expansion using the calciWlitgdalues
through &' order, and the NAT sigma offset vectart Table 6.10, for this perturbed
optical model case.

As anothercheck of the mathematical developmehe optical model was again
perturbed to include tilts. In this case, gr@nary mirror was decenteredong thex-axis
by +0.1mm and along theg-axis by+0.1 mm and tilted by alpha = +0.25 degrees and
beta =i 0.1 degreesAn alpha tilt is a rotation of the mirror about tk@xis. Looking
from the negativex-axis toward the positive-axis, a positive alpha tilis a counter
clockwise rotation. A beta tilt is a rotation about ykaxis. Looking from the negative
y-axis toward the positivg-axis, a positive beta tilt is a counter clockwise rotatidhe
secondary mirror wasdecenterecilong they-axis byi 0.2 mm and tilted byan alpha
amount ofi 0.15 degreesThe sigma offset vectors were calculated using(&86) and

Eq.(5.27) and their values are shownTable6.11.

Table 6.11 Normalized sigma offset vector values.

i S S A A
Mirror # s, s, s s,
1 i0.15595 | i0.409326 i0.954895 | 10.954895
2 i0.310435 | i0.913054 i0.304113 | 10.725789

The FFDs for the Zernike astigmatism term comparison for this rotationally
nonsymmetric optical model are presentedrigure6.16. Figure6.16(a) is a FFD plot
generated by CODE V® version 10.5igure6.16(b) is generated by using the double

Zernike expansion and the GQ method for determining the expansion coefficients
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U™ ™  The FFD plofFigure6.16(c) was generated using the single Zernike expansion

and theWym expansion coefficients The difference bebjiween t he
(0), is also shan in Figure6.16(d). The di fference datads magni
maximum difference of 0.017 waves, a mean of 0.004 waves and a STD of 0.006
waves. The diffeEnce datads angle valwuesi 1lbB8ve a ma
degrees, a mean ©f0.17 degrees and a STD of 2.13 degrees. The maximum angle
difference occurs near the lower nodal point where the data values are very small.

The FFDs for the Zernike com&rm comparison for this rotationally
nonsymmetric optical model are presentedrigure6.17. Figure6.17(a) is a FFD plot
generated by CODE V® version 10.5igure6.17(b) is generated by using the double

Zernike expansion and the GQ method for determining the expansion coefficients

U™ ™  The FFD plofFigure6.17(c) was generated using the singlerike expansion

and theW, expansion coefficients The difference bebjiween 1t he
(), is also shown irFigure 6.17(d) . The difference databds ma
maximum difference of 0.020 waves, a mean ©f0.018 waves and a STD of 0.001

waves. The difference da tffarédnee ofdB8Qdegeesya | ues F

mean of 0.27 degrees and a STD of 0.06 degrees.



Figure 6.16 Comparison of Zernike astigmatismFFDs. (a) Generated by CODE V®. (b)
Generated from real ray tracing OPD data from CODE V®, double Zernike expansion
through 12" order, and the GQ method. €) Generated by using the single Zernike expansion
through 6" order the Wy, expansion coefficients, and the sigma offset vectors(d) The
difference between the Zernike spérical FFD data generated by the double Zernike
expansion and the single Zernike expansion using the calculat®d,, values, f) 1 (c).
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